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Abstract 

We give a method of deriving the field-strengths of all massless and massive 
maximal supergravity theories in any dimension starting from the Kac-Moody algebra 
Ell. Considering the subalgebra of En that acts on the fields in the non-linear 
realisation as a global symmetry, we show how this is promoted to a gauge symmetry 
enlarging the algebra by the inclusion of additional generators. We show how this 
works in eleven dimensions, and we call the resulting enlarged algebra E^°^°'K Torus 
reduction to D dimensions corresponds to taking a subalgebra of E^°^°'\ called E^"^'^, 
that encodes the full gauge algebra of the corresponding D-dimensional massless 
supergravity. We show that each massive maximal supergravity in D dimensions is 
a non-linear realisation of an algebra We show how this works in detail for 

the case of Scherk-Schwarz reduction of IIB to nine dimensions, and in particular 
we show how -E^"™' arises as a subalgebra of the algebra E^°^'^q^ associated to the 
ten-dimensional IIB theory. This subalgebra corresponds to taking a combination of 
generators which is different to the massless case. We then show that E^°^'^ appears 
as a deformation of the massless algebra E'f^'j^ in which the commutation relations 
between the En and the additional generators are modified. We explicitly illustrate 
how the deformed algebra is constructed in the case of massive IIA and of gauged 
five-dimensional supergravity. These results prove the naturalness and power of the 
method. 



1 Introduction 



It has been conjectured in [T] that eleven dimensional supergravity could be extended so as 
to have a non-linearly realised infinite-dimensional Kac- Moody symmetry called Eu, whose 
Dynkin diagram is shown in Fig. [H In a non-linear realisation the algebra used to construct 
it is realised as a rigid symmetry. However, in the eleven dimensional supergravity theory 
all the symmetries are local. In this paper we will propose a non-linear realisation in which 
Ell symmetries become local. To put this work in context it will be useful to list some of 
the main developments of the Eu programme which are relevant for this paper. 

Eleven dimensional supergravity itself can be formulated as a non-linear realisation 
based on an algebra that includes generators with non-trivial Lorentz character [2]. To 
find the precise dynamics one takes the simultaneous non-linear realisation of this algebra 
with the conformal group. This naturally gives rise to both a 3-form and a 6-form fields and 
the resulting field equations are first order duality relations, whose divergence reproduces 
the 3-form second-order field equations of 11-dimensional supergravity provided on chooses 
one constant. The eleven-dimensional gravity field describes non-linearly GL{11, M), which 
is a subalgebra of this algebra. Indeed, gravity in D dimensions can be described as a non- 
linear realisation of the closure of the group GL{D,M.) with the conformal group [2J, as 
was originally shown in the four dimensional case in [3]. 

Ell first arose as the smallest Kac-Moody algebra which contains the algebra found in 
the non-linear realisation above. This Eu algebra is infinite-dimensional, and the Eu non- 
linear realisation contains an infinite number of fields with increasing number of indices. 
The first few fields are the graviton, a three form, a six form and a field which has the 
right spacetime indices to be interpreted as a dual graviton. This is the field content of 
eleven dimensional supergravity, and keeping only the first three of these fields one finds 
that the non-linear realisation of Eu reduces to the construction discussed in the first 
point and so results in the dynamics of this theory p[]. Theories in D dimensions arise 
from the Eu non-linear realisation by choosing a suitable G'L(Z),]R) subalgebra, which 
is associated with D-dimensional gravity. The A^^i Dynkin diagram of this subalgebra, 
called the gravity line, must include the node labelled 1 in the Dynkin diagram of Fig. 
[U In ten dimensions there are two possible ways of constructing this subalgebra, and the 
corresponding non-linear realisations give rise to two theories that contain the fields of 
the IIA and IIB supergravity theories and their electromagnetic duals [U H]. Below ten 



1 



dimensions, there is a unique choice for this subalgebra, and this corresponds to the fact 
that massless maximal supergravity theories in dimensions below ten are unique. Again, 
the non-linear realisation in each case describes, among an infinite set of other fields, the 
fields of the corresponding supergravity and their electromagnetic duals. In each dimension, 
the part of the En Dynkin diagram which is not connected to the gravity line corresponds 
to the internal hidden symmetry of the D dimensional theory. This not only reproduces 
all the hidden symmetries found long ago in the dimensionally reduced theories, but it also 
gives an eleven-dimensional origin to these symmetries. 

All the maximal supergravity theories mentioned so far are massless in the sense that 
no other dimensional parameter other than the Planck scale is present. In fact, even this 
parameter can be absorbed into the fields such that it is absent from the equations of 
motion. There are however other theories that are also maximal, i.e. invariant under 32 
supersymmetries, but are massive in the sense that they possess additional dimensionful 
parameters. These can be viewed as deformations of the massless maximal theories. How- 
ever, unlike the massless maximal supergravity theories they can not in general be obtained 
by a process of dimensional reduction and in each dimension they have been determined 
by analysing the deformations that the corresponding massless maximal supergravity ad- 
mits. With the exception of the one deformation allowed for type IIA supergravity in ten 
dimensions, called Roman's theory, all the massive maximal supergravities possess a local 
gauge symmetry carried by vector fields that is a subgroup of the symmetry group G of the 
corresponding maximal supergravity theory, and are therefore called gauged supergravi- 
ties. In general these theories also have potentials for the scalars fields which contain the 
dimensionful parameters as well as a cosmological constant. In recent years there have 
been a number of systematic searches for gauged maximal supergravity theories and in 
particular in nine dimensions and in dimension from seven to three all such theories have 
been classified O [6l [7] . 

It will be useful to recall how En has from a very different perspective lead to the 
classification of gauged supergravities that agrees with these results and how the En for- 
mulation of the gauged supergravity theories has lead to new work in these theories. The 
cosmological constant of ten-dimensional Romans IIA theory [8] can be described as the 
dual of a 10-form field-strength [9j, and the supersymmetry algebra closes on the corre- 
sponding 9- form potential (TU]. The Romans theory was found to be a non-linear realisation 
[TT] which includes all form fields up to and including a 9-form with a corresponding set 



2 



of generators. This 9-form is automatically encoded in the non-linear realisation of En 
\12\ . From the eleven dimensional En theory it arises as the dimensional reduction of the 
eleven- dimensional field Aa-i^,,,aiQ,{bc) in the irreducible representation of G'L(11,]R) with ten 
antisymmetric indices ai . . . aio and two symmetric indices b and c. Therefore En not only 
contains Romans IIA, but it also provides it for the first time with an eleven-dimensional 
origin [T3] . 

By studying the eleven-dimensional fields of the En non-linear realisation, one can 
determine all the forms, i.e. fields with completely antisymmetric indices, that arise from 
dimensional reduction to any dimension ^14j. In particular, in addition to all the lower 
rank forms, this analysis gives all the D — 1-forms and the D-forms in D dimensions. 
The list of all form fields obtained in this way for all supergravity theories is given in 
table [H The D — 1 and D-forms predicted by En can also be derived in each dimension 
separately [15]. The D — 1-forms have D-form field strengths, that are related by duality 
to the mass deformations of gauged maximal supergravities, and the En analysis shows 
perfect agreement with the complete classification of gauged supergravities performed in 
[HI n\. Therefore En not only contains all the possible massive deformations of maximal 
supergravities in a unified framework, but it also provides an eleven-dimensional origin to 
all of them. Indeed, while some gauged supergravities were known to be obtainable using 
dimensional reduction of ten or eleven dimensional supergravities, this was not generically 
the case. As a result the gauged supergravities were outside the framework of M-theory as 
it is usually understood. 

One striking feature of the En formulation of massless or massive supergravity theories 
is that it includes fields together with all their dual fields. The presence of the dual forms is 
essential to formulate the field equations as duality relations. Some dual forms have been 
introduced in the past in an ad-hoc way beginning with [16], but it is only with En that 
they have arisen from an underlying principle. Indeed, the forms of table [1] were proposed 
in [m [15] to play a crucial role in gauged supergravities, the D — 1 forms classifying the 
gauged supergravities and the lower forms providing a chain of form fields that occur in 
the duality relations. This is compatible with the structure of the gauge algebra arising in 
gauged supergravities, in which one is forced to introduce a. p + 1 form to close the gauge 
algebra of a p form, thus determining a hierarchy of forms |T7]. For the cases in which this 
latter method has been subsequently used to compute the hierarchy of forms, the results 
are precisely in agreement with En [H], and indeed the presence of the forms given in 
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D 


G 


1-forms 


2- forms 


3- forms 


4-forms 


5-forms 


6- forms 


7- forms 


8-forms 


9-forms 


10- forms 


lOA 


E+ 


1 


1 


1 




1 


1 


1 


1 


1 


1 
1 


lOB 


SL(2, M) 




2 




1 




2 




3 




4 
2 


9 


SL{2,H) X K+ 


2 
1 


2 


1 


1 


2 


2 
1 


3 
1 


3 
2 


4 
2 
2 
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SL{3,H) X SL{2,K) 


(3,2) 


(3,1) 


(1,2) 


(3,1) 


(3,2) 


(8,1) 
(1.3) 


(6,2) 
(3,2) 


(15,1) 
(3,3) 
(3,1) 
(3,1) 
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SL(5,K) 


To 


5 


5 


10 


24 


40 
T5 


70 

45 
5 
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SO(5,5) 


16 


10 


16 


45 


144 


320 
126 
10 
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-^6(+6) 


27 


27 


78 


351 


1728 
27 
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-B7( + 7) 


56 


133 


912 


8645 
133 
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-^8( + 8) 


248 


3875 
1 


147250 
3875 
248 

















Table 1: Table giving the representations of the symmetry group G of all the forms of maxi- 
mal supergravities in any dimension JI4| . The 3-forms in three dimensions were determined 
in IWI- 

tabled] has now been systematically adopted by those studying gauged supergravities. 

All in all there is considerable evidence for an En symmetry in the low energy limit 
of what is often called M theory. The above evidence concerns the adjoint representation 
of Ell, or the part of the non-linear realisation that involves the fields associated with 
the Ell generators. However, there is also the question of how space-time is encoded in 
the theory. In the non-linear realisations mentioned above the generator of space-time 
translations Pa was introduced by hand in order to encode the coordinates of space-time. 
From the beginning it was understood that this was an ad-hoc step that did not respect the 
Ell symmetry. It was subsequently proposed pL9j that one could include an En multiplet 
of generators which had as its lowest component the generator of space-time translations. 
This is just the fundamental representation of En associated with the node labelled 1 in 
the Dynkin diagram of Fig. [T]and it is denoted by /. A method of constructing the gauged 
supergravities was given in reference [20] using En and the I multiplet of generators. Indeed 
as an example all the gauged supergravity generators in five dimensions were derived from 
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this viewpoint. This reference also contains a review of the evidence for the / multiplet 
as the multiplet of brane charges and a table of its low level content in dimensions three 
and above. In this context there has been a recent interesting paper [21] which keeps the 
scalar charges in the / multiplet for the seven- dimensional maximal supergravity and still 
finds diffeomorphism invariance in seven dimensions. 

What was not clear from this method was how the global En symmetries would become 
local and this is the subject of this paper. In the context of purely gravity this was achieved 
long ago in reference [3] by taking the simultaneous non-linear realisation of IGL{A, M) with 
the conformal group in four dimensions. As mentioned above, if one took the non-linear 
realisation of En at low levels, that is to include the six form generator, took only the 
Lorentz group as the local subgroup and the simultaneous non-linear realisation with the 
conformal group, then the dynamics predicted by the non-linear realisation is just the 
maximal supergravity theory in eleven dimensions. This can be seen by realising that the 
low level Ell algebra \T\ is just that used in reference to construct the eleven dimensional 
supergravity theory as a non-linear realisation once one includes the conformal group. The 
effect of latter is that it makes not only the space-time translations a local symmetry but 
also turns the shifts associated with form fields into gauge transformations [2]. However, 
it is not clear how to combine the conformal group with the algebra formed from En and 
the I multiplet. In particular how to extend the action of the conformal group on the usual 
coordinates of space-time to include the other coordinates encoded in the / multiplet. 

In this paper we will not use the conformal group, but rather add the generators that 
the closure of this algebra with En would generate. We will also not use the generators 
from the / multiplet, but only the space-time translations Pa- The prototype example 
of this mechanism was given long ago for the case of Yang-Mills theory [22] ■ Essentially 
one takes an algebra that contains the generators Pa and the Yang Mills generators Q'^, 
as well as the generators i?"'" for which the gauge fields are Goldstone bosons and an 
infinite number of generators X^^- ■ symmetric in their spacetime indices, which do not 
commute with P^ and whose role is to make the rigid symmetry generated by i?"'"" local. 
We will review this construction later on in this introduction. 

We will first show the analogous mechanism for pure gravity. In particular, we will show 
how to construct Einstein's theory of gravity using a non-linear realisation which takes as 
its underlying algebra one that consists of IGL{D,M.) and an infinite set of additional 
generators whose effect will to promote the rigid IGL{D. M) to be local. The generators 
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Pa lead in the non-linear realisation to the coordinates of space-time while the Goldstone 
boson for GL{D,M.) is the vierbein which is subject to local Lorentz transformations. The 
infinite number of additional generators lead to local translations, that is general coordinate 
transformations, but to no new fields in the final theory as their Goldstone fields are solved 
in terms of the graviton field using a set of invariant constraints placed on the Cartan forms. 
This is an example of what has been called the inverse Higgs effect [23]. The unique theory 
resulting from this non-linear realisation with only two space-time derivatives is Einstein's 
theory up to a possible cosmological term. In this case one can see that the additional 
generators we have added are just those found by taking the closure of IGL{D, M) with 
the conformal group. 

We will then generalise this procedure to En at low levels. We take the algebra, 
called E[°i°''' consisting of non-negative level En generators, the generators Pa and an 
infinite number of additional generators. While the latter lead in the final result to no new 
Goldstone fields they do result in all the low level En symmetries becoming local, thus 
we find general coordinate transformations and gauge transformations for all the form 
fields. For the eleven dimensional theory, space-time arises in the group element due to the 
Pa generators, however, for lower dimensional theories we will take space-time to be not 
only the translation operator Pa for that dimension but also certain other Lorentz scalar 
charges that include the translation operators for the dimensionally reduced generators, 
in effect we take only the Lorentz scalar part of the / multiplet. As we add just the 
spacetime translations rather than the whole I multiplet we will take Pa to commute with 
the non-negative level generators of En- The price for proceeding in this way is that we 
are working with only the non-negative level generators of En and we have essentially 
thrown out the negative level generators. We show that the non-linear realisation of the 
algebra En'^"-'' describes at low levels in eleven dimensions the 3-form and the 6-form of 
the eleven dimensional supergravity theory with all their gauge symmetries. This can be 
thought of as equivalent to taking the non-linear realisation of En at low levels and taking 
the simultaneous non-linear realisation with the conformal group as was discussed earlier 
[21, [1], but here the procedure is more transparent. 

We then consider the formulation of lower dimensional maximal gauged supergravity 
theories from the viewpoint of the enlarged algebra The D refers to the fact that 

although we take the same non-negative level En generators and generators Pa, the infinite 
number of additional generators we take vary from dimension to dimension. We first 
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consider as a toy model the Scherk-Schwarz dimensional reduction of the IIB supergravity 
theory from this viewpoint. We begin with an algebra consisting of E[\^qq and take the 
ten dimensional space-time to arise from an operator Q which is constructed from Q — Pg 
and part of the SL{2,M.) symmetry of the theory. This means that the 10th direction of 
space-time is twisted to contain a part in the SL{2, M) coset symmetry of the theory. This 
non-linear realisation gives a nine dimensional gauged supergravity. We observe that not 
all of the algebra ^{Hob 

is essential for the construction of the gauged supergravity in nine 
dimensions, but only an algebra which we call E'f^g'' which is the subalgebra of -E'n'^ioB that 
commutes with Q. Its generators are non-trivial combinations of En generators and the 
additional generators and in general the generators of E'f^g'' have non-trivial commutation 
relations with nine dimensional space-time translations. Although the subalgebra E[°ig'' 
appears to be a deformation of the original En algebra and the space-time translations we 
have not changed the original commutators, but rather the new algebra arises due to the 
presence of the additional generators which are added to the En generators. 

However, we then show that one can find the algebra E'f^g'' without carrying out all 
the above steps. Given the non-trivial relation between the lowest non-trivial positive level 
generator of E'f^g'' and the nine dimensional space-time translations one can derive the 
rest of the algebra &n,9 simply using Jacobi identities. This algebra determines uniquely 
all the field strengths of the theory, and thus one finds a very quick way of deriving the 
gauged supergravity theory. 

This picture applies to all gauged supergravity theories, as one can easily find the alge- 
bra E[i^ without using its derivation from En^'' and this provides a very efficient method 
of constructing all gauged supergravities. We illustrate how this works by constructing the 
massive IIA theory as well as all the gauged maximal supergravities in five dimensions. 

Finally, we consider how this construction generalises to the fields with mixed symmetry, 
i.e. not completely antisymmetric, of En and in general of any non-linear realisation of a 
very-extended Kac-Moody algebra. We will consider as a prototype of such fields the dual 
graviton in four dimensions, which is a field A^b symmetric in its two spacetime indices. 
We will show that if one tries to promote the global shift symmetry of the dual graviton 
field to a gauge symmetry, one finds that this is not compatible with the En algebra. The 
solution of this problem is that actually £"11 forces to include additional generators, whose 
role is to enlarge the gauge symmetry of the dual graviton so that one can gauge away the 
field completely. We show this first for the simpler case of the non-linear realisation of the 
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Kac-Moody algebra A]*""*"*" in four dimensions. We then consider the case of En in four 
dimensions. For simphcity in this case we neglect the gravity generators, and we still find 
that even considering consistency conditions involving only the generators associated to 
the form fields and those associated to the dual graviton, one is forced to include additional 
generators for the dual graviton that generate a local symmetry that gauges away the dual 
graviton completely. We claim that this picture generalises to all mixed symmetry fields in 
any dimension. It is important to stress that the dynamics is compatible with this result. 
Indeed, while the field strengths of the antisymmetric fields are first order in derivatives, 
and therefore one needs fields and dual fields to construct duality relations which are first 
order equations for these fields, the gravity Riemann tensor is at second order in derivatives 
and thus there is no need of a dual field to construct its equation of motion. 

It will be helpful to recall some facts about non-linear realisations. A non-linear reali- 
sation of a group G with respect to a subgroup H is by definition a theory invariant under 
the two separate transformations 

g{x) ^ gog{x), g{x) ^ g{x)h{x) (1.1) 

where g E G, go E G while h E H. The dependence on the generic symbol x signifies 
which group elements dependence on the coordinates of the space-time. For the case of an 
internal symmetry the space-time dependence is incorporated by hand. However, in this 
paper space-time will arise naturally in that its associated generators are part of the Lie 
algebra of the group G. Indeed, a part of the group element is just space-time viewed as 
a coset. We note that the h transformations depend on the space-time coordinates so can 
be said to be local, unlike the rigid go transformations. Working with the most general 
group element g we must then find a theory that is invariant under both go and local h 
transformations. 

It is often more transparent to use the h transformations to choose g{x) to be of a 
particular form, that is choose coset representatives. If one does this then when making 
a rigid go transformation one finds a group element gog which is in general not one of 
the chosen coset representatives. To rectify this one must make a compensating he that 
depends on go and the original coset representative g{x). That is g ^ g' = gogh~^ where 
both g and g' are chosen coset representatives. 

The problem of finding the invariant dynamics is most often solved by using the Cartan 
forms V — g~^dg. This is obviously invariant under rigid go transformations and transforms 
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as 

V ^h-^Vh + h-^dh (1.2) 

under local h transformations. We note that g^^dg = dx ■ g^^dg is invariant but g^^dg is 
not as the coordinates of space-time x transform under gQ transformations. To be more 
explicit we consider a group that contains the generators Ln and we denote the remaining 
generators by the generic symbol T*. We will assume that the generators Ln from a 
representation of the T*'s. The general group element is of the form 

g = e-^e-^^")-^ . (1.3) 

We recognise x as the coordinates and (/) as the fields. The local subgroup can be used to 
set some of the fields (p to zero. The discussion below holds if one makes this choice or 
work with the general group element. The Cartan forms can be written as 

V = g-^dg = dx^Eu^LN + dx^Gu,.T* . (1.4) 

Since V is invariant under g g^g it follows that each of the coefficients of the above 
generators is invariant, that is dx^Eji^ and dx^Gn,* are invariant. However, dx^ does 
transform under g^ and so and Gn,* are not invariant. To find quantities that only 
transform under the local subalgebra we can rewrite V as 

V = g-^dg = dx''En''{LM + GN,.T*) , (1.5) 

where we recognise that Gn,* = {E~'^)n^Gii^^. It follows that Gn,* are inert under g^ 
transformations and just transform under local transformations. As such they are useful 
quantities with which to construct the dynamics as one must now only solve the problem 
of finding objects which are invariant under the local symmetry. We may think of G^r ,^ as 
covariant derivatives of the fields (j). 

There is one subtle point that is sometimes worth remembering if one chooses coset 
representatives. Although G^v,* is naively invariant under g^ transformations it is not 
invariant under the required compensating he transformation under which G^,* transforms 
as in eq. (11. 2p with h replaced by h~^. However, having found a set of dynamics that 
is invariant under h transformations it is of course also invariant under the compensating 
transformations. 

Realising Yang-Mills theory as a non-linear realisation was first given by Ivanov and 
Ogievetsky [22] and we now summarise this approach as it will serve as a prototype model 
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for the later sections of this paper. We begin with the algebra 



Pa, Jab, Q" , R'"'" , ^ ^aiaaaa.a ^ _ _ ^ai...a„,a ^^g^ 

which will generate the group G of the non-linear realisation. The generators Pa and Jab are 
those of the Poincare group while the Q^'s will become identified with those of the gauge 
group. The generator i?"'" is the generator associated to the gauge vector in the non-linear 
realisation, while the generators j{'^i---^n,a symmetric in the spacetime indices and will 
be responsible for the symmetry of the vectors to be promoted to a gauge symmetry. The 
Q°' generators obey the commutators 

[Q",Q^]=gr%Q^ , (1.7) 

where g is the coupling constant. The remaining commutation relations are given by 

^j^ai...an,a p^j _ ^^(ai ^a2...a„),o ^j^ai...an,a ^6i...6m,/3j _ gJ^P j^ai...a„bi...bm,'Y ^-^ 

Although the generators have at least two indices, the commutation relations 

of and i?"'" with all the generators are encoded in the equation above making the 
identification K°''°' = i?*^'" and = Q". The Lorentz generators Jab have the usual 
commutators with the above generators. The local sub-group H is generated by the Q°' 
and the Jab- As a result we may choose the group element to be of the form 

Computing the Cartan forms we find that 

g-^dg = dx''[Pa + Ga,b,aR'''' + Ga,bc,c.K'''''-Aa,aQ'' + ...] 
= dx''[Pa + - \gAa,pA^,^f''\ - 2$,fe,<,)i?''" 

+ {da^bca - \g''Aa,M,pA,,,r^f\ " 2g^ ab,^A,^, f\ 

+ \gdaA,^f,A,^,f\-?,^abc,o)K'>-''' - Aa,^Q'' + ..] , (1.10) 

where the dots denote K generators with more than two spacetime indices. Only the 
last term in eq. (11.101) is in the local sub-algebra and as such we can identify Aa^a as 
the connection, i.e. the gauge field, for the gauge group generated by Q". Each of the 
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other terms separately transform covariantly under the local subgroup and so we can place 
constraints on them and still preserve all the symmetries. In particular we can set 

G(a,b),a = , (1-11) 

which implies 

2$aM = <9(„A),, , (1.12) 

and also 

G{a,bc)a = > (1-13) 

which implies 

^^abc,a = d^a%c),a-2g^^ab,f3Ac),^f\ + ^gd^aAb,(3Ac),yf''a ■ (l-M) 

Indeed one can solve in this way for all the $ fields leaving only with the field Aa^a- 
The elimination of some fields using constraints on the Cartan forms that preserve the 
symmetries is sometimes called the inverse Higgs mechanism [23j. 

Substituting the above solutions for the ^ fields into the Cartan forms one finds ex- 
pressions that contain Aa^a alone which are given by 

g-'dg = dx'^lPa + Fab,aR'''' + ^AFacai^'^'" + ••. ' ^.aQI , (1-15) 

where Fab,a = c^[a^6]a — \gAa,pAb^^f^^ a and Da is the expected covariant derivative. We 
recognise this as the Yang-Mills field strength and the higher Cartan form as its covariant 
derivatives. The object invariant under the symmetries of the non-linear realisation, which 
is lowest order in derivatives, is just the usual Yang-Mills action. 

In fact only the lowest order Cartan form Ga,b,a was evaluated in reference [22], but it 
is interesting to realise that the Cartan forms do contain all the gauge covariant derivatives 
of the field strength. 

One way to arrive at the above set of generators of eq. (11.61) is to write the Yang-Mills 
gauge parameter as a Taylor expansion 

Xaix) = aa + aa,aX"' + ttab^cxX^'x^ + . . . (1-16) 

where the parameters a do not depend on space-time. The usual Yang-Mills transformation 
can then be interpreted infinite set of rigid transformations whose generators are 

just those of eq. (11.61) with the commutation relations of eqs. (II. 7p and (II. 8p . Indeed 
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carrying rigid transformations e°'^ and e"'^ on the group element of eq. (11.91) one finds 
the same result that a Yang-Mills transformation would produce if the gauge parameter 
were expanded as in eq. fll.l6p . 

In a tribute to Ogievetsky's important contributions to the theory of non-linear realisa- 
tions we will call the additional generators X'^^ '""'" Ogievetsky generators (Og for short) 
and similarly for their associated fields. They will be used throughout this paper and they 
are the generators that make the original symmetry, in this case that of the i?"'", local. We 
can systematically assign a grade to the generators, in particular and Pa have grade 
-1, R"^'" has grade and /^"^•••""+^'" have grade n. The coupling constant g has grade 
-1. We denote the Og generator of grade n as Og n. The algebra of eq. (11.81) can then 
schematically be written as 

[G,Ogn]=gOgn [Og ri, PJ = Og (n — 1) [Og n^Og m] = g Og {m + n+ 1) . (1.17) 

It will be instructive to consider the dimensional reduction of the above non-linear 
realisation in D dimensions on a circle with coordinate y. For simplicity we will just 
consider the abelian case here, and we will therefore drop the index a. After dimensional 
reduction, the vector field becomes Aa,A^ = 99, while the Og 1 field becomes 
and similarly for the higher grade Og fields. Here * denotes the yth, i.e. circle, components 
and a, 6 = 0, ... , D — 2. Neglecting for simplicity the contribution along the Og 1 generator, 
the Cartan form of eq. (ll.lOp becomes 

g-^dg = dx'^Pa + dyP, + dx'^idaA, - 24>ab)R' + dx''{daV - 2^a.)R' 

+ dy{d,Aa - 2^,0)^" + dy{d,^ - 2$,,)/?* - dx^^A^Q - dyipQ . (1.18) 

We now take all the fields to be independent of y. Imposing that the Cartan form in the dy 
direction vanishes, apart from the term in the local subalgebra, we find that = = 0. 
This generalises to all the Og fields of any grade having at least one index in the internal 
direction. Solving for the remaining Cartan forms as above one finds that one is then left 
with the fields Aa and (f with the expected dynamics. The net effect of these steps is that 
from the original set of generators in the higher dimension we take only those that commute 
with Q, the generator of y transformations, and construct the non-linear realisation from 
the sub-algebra formed by these generators. Since the $ fields are related to the derivatives 
of the usual fields it is to be expected that some of the Ogievetsky fields will vanish in 
dimensional reduction on a circle. 
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The non-linear realisation of the Yang-Mills theory will be the prototype example of all 
the analysis that we will perform throughout this paper. The paper is organised as follows. 
Section 2 discusses the non-linear realisation of gravity, while section 3 is devoted to the 
analysis of the 3- form and the 6-form of eleven- dimensional supergravity from En. In 
section 4 we show how to derive from En the Scherk-Schwarz reduction of the IIB theory 
to nine dimensions. Sections 5 and 6 are devoted to the En derivation of the massive IIA 
theory of Romans and of gauged five-dimensional maximal supergravities respectively. In 
section 7 we discuss the dual graviton in four dimensions, considering first the algebra of 
the dual graviton alone, and then the cases of gravity and dual gravity in Af'^'^ in four 
dimensions and of dual graviton coupled to vectors in En in four dimensions. Finally, 
section 8 contains the conclusions. 

2 Gravity as a non-linear realisation 

It was shown long ago by Borisov and Ogievetsky that four-dimensional gravity could be 
formulated as a non-linear realisation [3] . These authors showed that gravity in four dimen- 
sions could be formulated as the non-linear realisation of IGL{A,W) with local subgroup 
5*0(4) if taken together with the simultaneous realisation of the four dimensional conformal 
group 5*0(2,4) with local subgroup 50(4). The first non-linear realisation possesses coset 
representatives g = e^'^e^'^ that contain the coordinates of spacetime as coefficients of 
the spacetime translation generator Pa and the field ha'', which was taken to depend on 
x'^, and are associated with the generators K°-h of GL(4,]R). The non-linear realisation of 
the conformal group has coset representatives g = e^'^e'^^e'^"^" that are labelled by the 
coordinates of space-time and the fields (p and (pa associated with the dilation generator 
D and special conformal generator K"^. The field (pa can be eliminated using the inverse 
Higgs mechanism, that is by setting constraints on the Cartan forms that preserve all 
the symmetries. The simultaneous non-linear realisation of the two groups is achieved by 
constructing the dynamics from only the Cartan forms of IGL{A, M) which also transform 
covariantly under the conformal group. The transformations of the two groups are linked 
in that the dilation generator D and the trace of the GL{4, M) generators K^-a generate the 
same scaling of the coordinates and so their corresponding Goldstone fields (p and 
must be identified with an appropriate proportionality constant. Although a little com- 
plicated the result of this procedure is Einstein's theory if one restricts one's attention to 
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terms that are second order in spacetime derivatives. Taking only the non-hnear reahsation 
of JG'L(4,M) one can also find Einstein's theory from the Cartan forms provided one fixes 
a number of coefficients in a way not determined by the symmetries of IGL{4, M) alone. 
The results can be generalised to D dimensions [2]. However, this latter reference did not 
use the Lorentz group to make a particular choice of coset representative and introduces a 
vierbein rather than a metric. 

The derivation of gravity as a non-linear realisation was anticipated by an earlier paper 
of Ogievetsky's [24j that showed that the closure of IGL{4, M) and the conformal group 
as realised on the coordinates of space-time in the well known way is equivalent to just 
considering all infinitesimal general coordinates transformations x'^ ^ x'^ + f^{x) where 
f^{x) is an arbitrary function of x^. Thus the closure of the two groups is an infinite 
dimensional group that is just the group of general coordinate transformations. We note 
that the starting point i.e. the well known transformations on x^ are just those found by 
taking space-time to be a coset or equivalently a non-linear realisation in which the fields 
are absent. 

As such an equivalent more straightforward approach would be take the non-linear 
realisation of the infinite group which is the closure of the two groups, that is the algebra 
of general coordinate transformations. This calculation is the subject of this section. Such 
an approach was adopted by Pashnev |25j , however, although we will begin from the same 
starting point our method will depart in some important ways, some of which are discussed 
in [26ll27j, that are explained below. 

Let us begin with the infinite dimensional algebra that contains the generators 

Pa,K\,K-\,...,K-'-'^-,,... (2.1) 
where ^"^■■■""c = K'^"-^'"'^"\. These generators obey the relations 

[i^"!-"^",, Ffe] = {n- 1)5'^^' K''^-''"\ (2.2) 

and 

^^ai...a„^^^6l...6„^| = (^ + m - 1 ) [^5 I X^^-'^" '''^■■■'''"^rf - -^^^^ i^^^-"")^! J • (2.3) 

The generators Pa, K°'b are those of IGL{D, M) while the special conformal transformations 
are contained in K"-''^. Indeed the entire algebra can be generated by Pa, K°-b and i^°*c- 
We note that one can assign grade to the generators; has grade n. Pa has grade 
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— 1 and K'^b has grade zero. This notion of grade is preserved by the above commutation 
relations. In terms of our previous notation we call the additional generators Ogievetsky, 
or Og, generators. In particular, - jg an Og n generator. The commutators of eqs. 
( 12. 2p and (12. 3p can thus schematically be written as 

[Og n, Og m] = Og (n + m) , (2.4) 

which includes all possible commutators provided that we denote with Og (-1) the momen- 
tum operator and with Og the G'L(D,]R) generators. 

We now carry out the non-linear realisation of the group based on the algebra of eqs. 
( 12. 2p and (12.31) taking as our local subgroup the Lorentz group which has the generators 
Jab = Vla\c\K'^b]- As such wc may choose our group element, or coset representative to be 
given by 
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In fact this is the most general group element as we have not used the Lorentz group to 
make any choice. The Cartan forms are given by 

= dx^{e,''Pa + G,/K\ + G,,ab'K''\ + ...) ■ (2.6) 
A straightforward calculation gives 



e," = (e- 



G,,ab' = (9,$,^ - 2$;^, - $;(^$^), + J (e-^)/(e-^),''eA^ . . . (2.8) 



3')/, G^/ = ie-'d^e)b' - ^..""{e-^Ve,', (2.7) 

1 

I 

2 

In deriving these expressions no conversion of indices on the objects has taken place but 
the indices have been relabelled with curved or flat indices suitable for their latter inter- 
pretation. The factors of e come from the final factor of gh in the group element. Indeed, 
carrying out a local Lorentz transformation the Cartan forms transform as in eq. (11.20 and 
one sees that the e^" are rotated on their a index by a local Lorentz rotation allowing us 
to interpreted e^" as the vierbein. 

The part of the Cartan form involving the local subalgebra is contained in the second 
term of eq. (12.70 which we may write as 

G^/K\ = G^,(^a'^K^\) + u,a'rb (2.9) 
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where 

^,a={e-'d,e\J'^-^,,''{e-\/e,'^ . (2.10) 

We note that ahhough the algebra of eqs. (12.21) and (12.31) is formulated in terms of the 
generators of GL(D,M) and other generators that are representations of G'L(D,]R) the 
choice of the local sub-algebra to be S0{1,D — 1) allows us to introduce the tangent 
space metric r]ah with which we may raise and lower indices to achieve the above (anti- 
) symmetrisations. 

Thus far we agree with the paper of Pashnev [25]. However, in this reference it was 
proposed that the Maurer Cartan equations + V A V = 0, which are identities, would 
place constraints on the fields. Imposing inverse Higgs conditions to find the Christoffel 
symbol in terms of the metric was correctly carried out in EZ] • 

From now on we follow a different path. The dynamics are constructed in the way 
explained in the introduction with the Cartan forms transforming as in eq. (II. 2p . Recalling 
our discussion in the introduction we conclude that Ga,^ = (e~^)a^G'^^, where * stands for 
any form except those lying in the Poincare algebra, transform under the Lorentz group as 
its indices suggest. As such we can place constraints on these Cartan forms and preserve 
all the symmetries, that is use the inverse Higgs mechanism. Indeed, we can set 

a,(a') = (e-^)/G'^(a') = (e-^)/(e-ia^e)(,^) - <l'^/(e-^)(/e,^) = . (2.11) 

The effect of this is to solve for ^^p^ = ^{fip)'^ in terms of the e^"'. The result is [26] 

^f.u^ = T^,^ = ^g^^{d,gr^ + d^gru-drgf,,) . (2.12) 

We define g^i, = e^"'ej'r]ah and recognise T^^'^ as the usual Christoffel connection of general 
relativity. A quick check of this result is to verify that eq. (12.111) implies that 2g\f^(^p_y'^ = 
d^gxv Substituting into eq. (I2.10p we find that 

uJ.a' = (e-^9^e)[,^l - r^/(e-i)[/e,^l = ^e„^(a^e.^ - <9.e/) 

- ^^''^e/(a^e/-a.e/)-^e„V'=e/(5,e/-a<,e/)e/ , (2.13) 

which is the well known formula for the spin connection. 
At the next level we can covariantly set 

G(d,ab)' = Q , (2.14) 
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where Gd,ab'' = ed'^G"^^^^ = ed'^ea'^eb'^G^^p^^ex". This solves for the field $^^p^ = ^{p,yp) in 
terms of ^^u^ by imposing symmetrisation in the obvious way. Substituting the solution 
into the part of this Cartan form that remains we find that 

which we recognise as the well known expression of the Riemann tensor. 

At higher orders one imposes covariant constraints on the Cartan forms so as to solve 
for all the Og fields $ to leave only the field ha'' or equivalently e^,"' = (e^)^". Substituting 
the solutions back into the Cartan forms we find that 

g-'dg = dx^(e/P, + uj^a'J\ + ^i^^p^e/e^'^ee^Kf + ••.), (2-16) 

where + . . . denotes terms which contain covariant derivatives of the Riemann tensor. 

The Og generators play the role of turning GLlD^M.) into a local symmetry and one 
can verify that carrying out a general rigid group transformation g —>■ g^g on the group 
element of eq. fl2.5p we recover the usual general coordinate transformations of general 
relativity on the vierbein e^". 

We will now summarise the above discussion. We started with the group GL{D^M.)^ 
generators K""}, and the translations Pa to which we assigned grades and —1 respectively. 
To these we added an infinite number of Ogievetsky generators ^"■^■■■°'"+'^ ^ each with grade 
n. These obey the Lie algebra of eqs. (12.21) and fl2.3p . We then placed covariant constraints 
on the Cartan forms solving for all the Ogievetsky fields whereupon the remaining parts of 
the Cartan form contain the spin connection at lowest grade and then the Riemann tensor 
and its covariant derivatives. The introduction of the Ogievetsky generators leads in the 
non-linear realisation to general coordinate invariance. As such we find Einstein's theory 
in a completely systematic way from the viewpoint of non-linear realisations. 

We now consider the dimensional reduction of this non-linear realisation that is equiv- 
alent to the usual dimensional reduction on a circle. Let us denote by y the coordinate of 
the circle, * the components in this direction and let Q = P^. Dimensionally reducing the 
Cartan forms of eq. (12.61) we find 

g~^dg = dx'^ie^'^Pa + e/Q + Gp/K\ + G^/K\ + G^,fc*K^ + Gp,/K\ 

+ Gp^ab^K^-^'c + '^G p^^b" K*'' c + . . .) 

+ dyie^'^Pa + e/Q + G./K\ + G,/K\ + G.,b*K\ + G./K\ 

+ G^^ab'K°'''c + 2G^^^b'^K*'' c + G^^aCK""^ ^ + . . .) . (2.17) 
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The coefficients G can be read off from eqs. (12.71) and (12. Sp . We now take all the fields not 
to depend on y and imposing the inverse Higgs constraint on all , where • is any index, 
that is set the part of the Cartan form in the dy direction to zero. We find that all the 
Ogievetsky fields that contain a lower * index vanish. Thus all the Ogievetsky generators 
that do not commute with Q disappear from the group element and so the Cartan form. 
The only Ogievetsky fields left are ^ab'^ and The later field occurs in the Cartan form 
in the term 

dx^'G./KK = {{e-'d^e)b* - <l>,p*{e~')t'e,*)KK . (2.18) 

In the dimensionally reduced theory we set the coefficient of dx^ lying in i^*-";,) of the Cartan 
form to zero and solve for which just plays the role of the Ogievetsky field of gravity 
in the lower dimension. Setting the part of the Cartan form of eq. (I2.18P {e~^)(^a^G^^b)* = 
we solve for in terms of e^*. The latter field is just the vector field that arises in this 
dimensional reduction and so this step is as we found for the case of the vector studied 
earlier. In the dimensionally reduced theory we have as our local symmetry only the Local 
Lorentz group in the lower dimension. Substituting for ^ab'^ in the part of the Cartan form 
in this part of the algebra we find the spin connection for the lower dimensional theory. 
There remains, however, the term containing {e^^)[a'^G^^b]* , but this we recognise as just 
the field strength for the vector. 

3 and eleven-dimensional supergravity 

In this section we want to repeat the analysis of the previous section for the non-linear 
realisation based on the very-extended Kac-Moody algebra En, whose Dynkin diagram is 
shown in fig. [H 
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Figure 1: The Eg^~^, or En, Dynkin diagram. 



The decomposition of the adjoint representation of En with respect to the subalgebra 
G'L(11,R) corresponding to nodes from 1 to 10 in the diagram leads to the generators 
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K^-b of GL{11,M.) and and Rabc in the completely antisymmetric representations of 
G'L(11,M), together with an infinite set of generators which can be obtained by multiple 
commutators of the generators R"'^'^ and Rabc subject to the Serre relations. Defining the 
level / as the number of times the generator R"-^'^ occurs in such multiple commutators, 
one obtains for instance at level 2 the generator R'^^--"-^ with completely antisymmetric 
indices and at level 3 the generator R^-^^^--^^ antisymmetric in the indices 61 ... fog and with 
j^[a,bi---b8] = Q 'jj^g generator R"-''^ itself has level 1, while the generator Rabc has level -1 
and correspondingly multiple commutators of this generator have negative level [T]. 

In the last section we have shown how spacetime arises in the nonlinear realisation 
based on the algebra GLlDjM.) in D dimensions. This corresponds to introducing the 
momentum operator Pa, together with an infinite set of Og n operators X^-^-^-n+i^^ jj^ 
Ell the momentum operator arises as the lowest component of the En representation 
corresponding to Ai = 1, where Ai is the Dynkin index associated to node 1 in fig. [1], and 
called the I multiplet [19] . In this paper we will consider a different approach, that is we will 
consider the momentum operator as commuting with all the positive level generators. This 
approach has the advantage that one can naturally introduce the Og operators for each 
positive level generator of En, although it has the disadvantage of breaking En to Borel 
Ell, or more precisely to the subgroup of En generated by GL(11,]R) and all the positive 
level generators. The corresponding local subalgebra is 5*0(11), or 5*0(10, 1) in Minkowski 
signature. We denote with the algebra generated by the momentum operator, the 

non-negative level En operators and the Og operators. 

In the non-linear realisation, the fields associated to i?"'"^ and R"-^ -"-^ correspond to 
the 3-form and its dual 6-form of eleven dimensional supergravity. The field associated to 
the generator R^-'^i-^s j^^g the right indices to be associated to the dual graviton, and we 
will call it the dual graviton for short. In this section we will concentrate on the 3-form 
and 6-form, while section 7 will be devoted to the dual graviton, although not in eleven 
dimensions but in the simpler four dimensional case. 

Following the analysis of the previous section, we take Og operators for the 3-form and 
the 6-form in the representations obtained adding symmetrised indices to the set of 3 or 6 
antisymmetric indices respectively. The Young Tableaux corresponding to the first three 
Og operators is shown in fig. [2J In particular, the Og 1 operators Kl'^^^'^^^ and K^'^^'"^^ 
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belong to the GL(11,R) representations defined by 

j^a,bib2b3 _ j^a,[bib2b3] j^iaMb-zki] _ q 

j^a,bi---b6 _ j^a,[bi...b6] ^[a.bi.-.be] _ g (3 1) 

and we take their commutation relation with Pa to be 

[Kf Pc] = S^R^'-''' - S^^R^^-^^^ . (3.2) 
The Og 2 operator for the 3-form ^2'^''^^'^'^'^^ belongs to the representation defined by 

j^a,b,ciC2C3 j^{a,b),ciC2C3 j^a,b,[ciC2C3] j^a,[b,ciC2C3] g (3 3) 

and we take its commutation relation with Pa to be 

j^a,6,ciC2C3^ = 6^KI^''"''' + dX''''""' + + ^jJ^^Kf '"1"^"^' , (3.4) 

and similarly for the Og 2 operator for the 6-form /^'^'^-'^i - '^e. Proceeding this way one 
can write down the representation and the commutation relation with Pa of the next Og 
operators. Denoting with n the grade of the Og operators, i.e. the Og 1 operators have 
grade 1, then the commutator of an Og n operator with Pa gives an Og (n — 1) operator. 



En 


Og 


1 


Og2 


Og3 






j^a,bi-i>3. 








j^a,b,c,di...d3 . 




J^aia2a3 . 








j^a,b,ci...C3 . 


































j^a,bi...be , 






j^a,b,ci...C6 . 






j^a,b,c,di...d6 , 



























Figure 2: The Young Tableaux of the Og generators associated to the eleven-dimensional 
En generators R"'^'^ and i?«i - «6 

The 6-form generator occurs in the commutator 

J^aia2a3^pa4a5a6] ^ 2i?"i-«6 . (3.5) 
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Using this relation and eq. fl3.2p one can then determine the commutation relations between 
the Og 1 generators and i?"*'^ requiring that the Jacobi identities are satisfied. This gives 

Neglecting higher level generators and the gravity contribution, as well as higher Og gen- 
erators, we can thus write down the group element as 

where we have denoted with $og the Og 1 fields for both the 3-form and the 6-form, and 
similarly K^^ denotes collectively the Og 1 operators for the 3-form and the 6-form. One 
can then compute the Maurer Cartan form, which is 

n^^f) n — P 4- ( f) A — Cf) \T3a1a2a3 < (f) A 4- f) A A 

~ *&/^,ai...ae ~ 2$^^Q,ia2a3 ^040505 ^ ^ + ■.. (3-8) 

The inverse Higgs mechanism allows one to express the Og 1 fields in terms of the 3-form 
and the 6-form in such a way that only the completely antisymmetric expressions are left 
in (13.81) . This corresponds to 

^/^,aia2a3 = f^/j^aia2a3 ~ d[^-^aia2ao] 

^/j,ai...a6 d^Aa-^^cL^ "^J^^ai ...as] ^^/^ ^010213 ^040505 

~ "^J^Aai 0203^040506] "I" 2(?[^Aoj 0213] ^0401506 ) (3-9) 

where antisymmetry in the a indices is understood. These relations are all invariant with 
respect to the local subalgebra. Plugging this into the Maurer-Cartan form one gets 



g-^d^g = P, + F^o,02a3^"^"^"^ + i^Mai-ae^""-"'' + - . (3-10) 



where 



-^01020304 f^[ai ^020304] 

Fa\...a-j f^[oi ^02 ...a?] ~l~ -^^[ai... 04^050617] (3'11) 

are the field strengths of the 3-form and its dual 6-form of 11-dimensional supergravity. 

The Maurer-Cartan form is invariant under transformations in the Borel subalgebra, 
and we use this to derive transformations for the fields. In the particular case discussed in 
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this section, where we have restricted the group element to be as in eq. (13.71) . we consider 
the action of 

from the left. Taking the parameters a and b to be infinitesimal, we derive the transfor- 
mations of the fields to be 



'6,010203 

hi 



•^"^b, 010203 ^6,010203 

'^'^6,01. ..06 ^6, 01. ..06 (jj(j203 '^040506 2$b, 010203-^ ^C,040506 " (3.13) 

The eqs. (13.91) and the field strengths of eqs. (13.111) are separately invariant under these 
transformations, and in particular the transformations of the 3-form and the 6-form can 
be written as 



^^^010203 ^[oi-'^a203] 

^^01. ..og ^[01-^02.. .06] ~l~ ^[01-^0203^040506] (3-14) 



with gauge parameters 



A h 3 ^ 

-'^0102 (^ba\a2 ~\~ X 06,coiO2 

-^01. ..05 ^ba\...a^ ~l~ bf)^cai...as ■ (3.15) 

Including higher order Og generators corresponds to higher powers of x in the equations 
above. The full gauge invariance is obtained including all the Og generators. 

It is worth mentioning that the normalisation used here is different from the one used 
in the original En paper [T]. This is for consistency with the normalisation used in the 
rest of this paper. Going from this normalisation to the original one in |1| corresponds to 
making the field redefinitions 

A -.U 

^010203 21^010203 

^01.. .06 ~^ ^^01.. .06 ) (3.16) 

as can be deduced from eq. (2.6) in [Ij. 
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It is also instructive to consider the Maurer-Cartan form at the next order in the Og 
generators. For simphcity we will now perform this analysis only for the 3-form, so that 
we can neglect the contributions coming from commutators of Og generators among them- 
selves. The generalisation to include the 6-form generators is straightforward, although 
technically more complicated. We thus consider the group element as only containing the 
3-form generators in the En sector and including the Og 1 operator of eq. (13.11) and the 
Og 2 operator of eq. (13.31) . that is 

g = g^^g*£i,i>,ciC2C3^2 g*a,6i62''3-'^l g^aia2"3-" ^ ^ ^ _ (3- 17) 

Using eq. (13.41) . as well as eq. (13. 2p . one gets 

9 ^(^l-i9 = -Pft + id^Aaj^a2a3 ~ '^'/i,aia2a3 

+ {d,^aMb2bs-l^,M.bs)Kf + . (3.18) 

Using the inverse Higgs mechanism one solves for the Og 1 field in terms of the derivative 
of the 3-form, and the Og 2 field in terms of the derivative of the Og 1 field. Plugging this 
into the group element leads to 

g-'d,g = P, + F^a.a^asR''"'"'' + daF,k,b,b,Kf''''' + ... . (3.19) 

This is an example of the general picture, in which after applying the inverse Higgs 
mechanism one is left with the field strengths of the 3-form and the 6-form together with 
infinitely many derivatives of those, without breaking any of the original symmetries. These 
fields are the only forms that arise in the decomposition of En with respect to GL{11,M.). 
Indeed, in [28] it was shown that all the positive level 11-dimensional generators of En can 
be cast in generators of the form /^9'9v,9,3^ ^9,9,. ..,9,6 ^9,9,. ..,9,8,1^ together with generators 

with at least one set of 10 or 11 completely antisymmetric indices (here we are using a 
shortcut notation, in which each number corresponds to the number of antisymmetric 
indices; for example the Og 2 generator for the 6-form is written as K2^'^ in this notation). 
The fields associated to the former generators (the ones with sets of 9 antisymmetric 
indices) were interpreted in [2H] as being all the possible dual formulations of the 3-form 
and the graviton, while the latter were interpreted as giving rise to non-propagating fields. 
In section 7 we will consider the case of En fields with mixed symmetries, focusing in 
particular on the case of the dual graviton in four dimensions, while in the next section we 
will show that the introduction of the Og generators is crucial to understand and derive 
the algebra that describes gauged supergravity theories. 
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4 Scherk-Schwarz reduction of IIB supergravity from 

Ell 



In this section we will show how to dimensionally reduce maximal supergravities in the 
context of their En formulation including the Og extension. We will in particular focus on 
the case of ten-dimensional IIB reduced to nine dimensions and study both the dimensional 
reduction on a circle and the Scherk-Schwarz reduction. 

We will first introduce the Og generators required to encode the gauge symmetries of 
the ten-dimensional theory. This gives rise to the algebra E'^^f^^. We will then express 
the Ell and Og generators of the IIB theory in a nine-dimensional set-up. The consistency 
of the truncation from ten-dimensional IIB supergravity to maximal supergravity in nine 
dimensions corresponds to the fact that within the algebra i?|°™oB of t^e ten-dimensional 
Ell and Og generators one can find a sub-algebra £'|°'^g' appropriate to the nine- dimensional 
theory. This indeed corresponds to a maximal supergravity theory in nine dimensions, 
which is a compactification of the ten-dimensional IIB theory on a coordinate y. If one 
takes the ten-dimensional group element not to depend on y apart from the momentum 
contribution e"^^, where Q is the internal momentum, then this corresponds to standard, 
i.e. massless, dimensional reduction on a circle parametrised by y, and the form of the 
group element is preserved by the sub-algebra E[°^g'' of the ten-dimensional algebra E[°^fQ^ 
of Ell plus Og generators appropriate to massless dimensional reduction. One can also 
consider a ten-dimensional group element with a suitable y dependence, which we show 
to give rise in nine dimensions to the massive theory corresponding to the Scherk-Schwarz 
reduction of the IIB theory f2^. This different form of the group element is preserved by 
a different sub-algebra of the ten-dimensional algebra -E'i'^iob of En and Og generators 
that we call E'f^gK We show how to construct this subalgebra corresponding to Scherk- 
Schwarz reduction. The mass parameter mixes En and Og generators, and from the nine- 
dimensional perspective this corresponds to a deformation of the massless En algebra. 
The occurrence of a deformed En algebra associated to massive theories was shown for 
the first time in [11] for the case of the ten-dimensional massive IIA theory. In that case 
the occurrence of a mass parameter for the 2-form was shown to arise from requiring that 
the commutator of the 2-form generator with momentum does not vanish, but is instead 
equal to the vector generator times the Romans mass parameter. 

We now consider the decomposition of the En generators appropriate to the IIB theory. 
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that arises from deleting node 9 in the Dynkin diagram of fig. [H The GL(10, R) subalgebra 
associated to the non-hnear reahsation of gravity corresponds to nodes from 1 to 8 and 
node 11, while node 10 corresponds to the internal SL{2,M.) symmetry of the IIB theory. 
We denote tangent spacetime indices in ten dimensions with a,b, ... and curved spacetime 
indices with /i, i>, where the indices go from 1 to 10. One constructs the positive level 
generators as multiple commutators of the 2-form generator a = 1,2, which is 

a doublet of SL{2,R). Together with the G'L(10,R) generators and the SL{2,R) 
generators i?*, z = 1,2,3 at level zero, one has the doublet of 2-form generators at level 
1, a 4-form generator R"-^'^'^ at level 2, and then a doublet of 6-forms at level 3, a triplet 
of 8-forms at level 4 and a doublet and a quadruplet of 10-forms at level 5, together with 
an infinite set of generators with mixed, i.e. not completely antisymmetric, indices. We 
consider the positive level generators as commuting with the momentum operator Pa. 

We now want to write down the relevant algebra in ten dimensions. For simplicity, we 
consider a level truncation and we therefore only consider in ten dimensions the 2-form 
generators i?'*^'", together with the G'L(10,]R) generators fT^'g and the S'L(2,M) generators 
i?*. We have the commutation relations 

[Ri^R^b,a^= Di^'R^^''^ (4.1) 

where are the generators of 5'L(2,R) satisfying 

[D\D%'' = PkD'^'' (4.2) 

and f^^k are the structure constants of S'L(2,R). In terms of Pauli matrices, a choice of 
is 

D. = 'i D. = f 03 = f . (4,3) 

We now add the Og generators to the En formulation of ten-dimensional IIB. In this 
way we encode all the local gauge symmetries of the ten-dimensional IIB theory. The 
procedure is much like the one discussed in the previous sections for other cases. The Og 
1 operator for the 2-form is a doublet of generators K"-''"''°', satisfying 

j^d,bc,a _ j^a,[bc],a j^[a~bc],a _ Q ^ (4 4") 

and whose commutation relation with the momentum operator Pa is 
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Ignoring for simplicity the gravity contribution, the non-hnear reahsation can be con- 
structed from the group element 

g = e a,i>e,a-^ e^ai,,«« , (4.6) 

and the corresponding Maurer-Cartan form gives 

g-'dg = dx^[P^ + {d,A,^^^ - $,,aS,a)e-^'^'i?'^'"e^'^' + e'^'^'a^e^^^^ + ...] . (4.7) 

The inverse Higgs mechanism then fixes -5 ^ in terms of djxA^i ^ so that the term 
becomes proportional to 

^aSc,a = %^Sc],. , (4-8) 

which is the field strength for the 2-form. This procedure is completely consistent because 
the inverse Higgs mechanism preserves entirely the local subalgebra, which is S'0(9, 1) x 
S0{2). 

We now consider a generic compactification of the IIB theory in the above £"11 formu- 
lation to nine dimensions. This will include the derivation of both the massless theory 
and the Schcrk-Schwarz reduction, which both have maximal super symmetry We thus 
split the ten-dimensional coordinates in x^, ^ = 1, ...,9, and the 10th coordinate y. Cor- 
respondingly, the momentum operator splits in Pa and Q, where Q = Py. As wc did in 
ten-dimensions, we consider a level truncation and thus we are only interested in 1-forms 
and 2-forms in nine dimensions. The doublet of 2-form generators in ten dimensions gives a 
doublet of 2-forms and a doublet of 1-forms i?"'" = One also obtains a 1-form 

from the 6*1/(10, R) generators, namely i?" = K"-y, whose commutator with Pa is 

[R'',P,] = -StQ . (4.9) 

One also has the SL{2,M.) triplet of scalar generators i?', as well as the singlet scalar 
generator R — K^y, satisfying 

[i?,g] = -g . (4.10) 
The commutator between i?" and is 

= -i?"^'" , (4.11) 
while the non-vanishing commutators with the scalars are 

[R, R"] = -R" [R, i?"'"] = i?"'" 

[R\R''^'^]^ D^'^R'^'f^ [R\R°-^^'^]^ D'p'^R"^'^ . (4.12) 
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The commutator of i?" with itself and the commutator of with itself vanish, 

[i?",i?'']=0 [i?"'", i?'''''] = . (4.13) 

These are all the En commutators we need consider at the level we are analysing. At the 
end of this section we will also consider the 3-form generator R"'^'^ and 4-form generator 
jiabcd^ The first arises from the 4-form generator of IIB with one index in the internal 
direction, R""^^"^ , while the latter is just the 4-form of IIB with all indices along the nine- 
dimensional spacetime. 

Just as for the En generators, we also rewrite the ten-dimensional Og generators as 
decomposed in GL(9,M) representations. The generator K°''^'^'°' thus gives rise to 

j^[ab],a _ j^y,ab,a _ j^[a,b]y,a J^{a.b),a _ j^{a,b)y,a j^a,a _ j^y,ay,a ^^-j 

The commutation relations of these operators with Pa and Q are 

[K"'°,P(,] = [^"^'",(5] = i^'^'" . (4.15) 

Similarly, the dimensional reduction of the gravity Og 1 operator gives the Og operators 
^(a&)^ and K, that satisfy 

[K,Pa\=0 [K,Q] = R . (4.16) 

We now write down the group element. For simplicity we will neglect Og 2 contribu- 
tions, and therefore we will consider the Og 1 generators as commuting among themselves. 
We will denote with $og and K'^^ the whole set of Og 1 fields and generators. Thus the 
group element is 
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where all the fields are taken to depend on x and y. We now compute the Maurer-Cartan 
form. The result is 

+ e-^'^'<9,,e'^'^' + ...] + dy[e^Q + {dyAab,a - dyAa,aAb - <^[ab],a + '^a,aAb 

+ {dyAa-<^a + '^Aa)e^R'' + {dy(l)-<!>)R + e-^^'^'dye^^'^' + ...] , (4.18) 

where the dots denote contributions from higher level En generators and Og generators. 

Before discussing the Scherk-Schwarz reduction of the IIB theory, we first consider the 
derivation of the massless nine- dimensional supergravity. We take all the fields in the group 
element of eq. (14.171) not to depend on y, and using the inverse Higgs mechanism we set 
the part of the Maurer-Cartan form of eq. (I4.18P in the dy direction and proportional to 
the Ell and Og generators to zero. This imposes 

$[a6],a = $a,a = $a = $ = . (4.19) 

Considering the dx'^ part and imposing the inverse Higgs mechanism on the remaining Og 
fields one finds that the Maurer-Cartan form gives the field strengths 

Fabc,a = d[aAbc],a ~ f^[a^fe,«^c] 
Fab,a = d[aAb]^a 

Fab = dlaAb] , (4.20) 

which are invariant under the gauge transformations 

SAab,a = d[aAb],a~d[aAAbla SA^^a = OaAa 5Aa = daA . (4.21) 

This construction is consistent because the relations that the inverse Higgs mechanism 
imposes are invariant under the local subalgebra, which is 5*0(1,8) ® 5*0(2). The field- 
strengths and gauge transformations we have derived are those of the 1-forms and 2-forms 
of massless maximal nine-dimensional supergravity. 

In the above, we have set to zero the Og fields corresponding to the generators A't"'*!'", 
X"'", K"^ and K. Implementing this in the group element, and so the Cartan form, we find 
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that these generators in fact play no role. These generators are indeed the only ones in eqs. 
(14. 15p and (14.161) that do not commute with Q. As such, one is left with the original En 
generators and a subset of the Og generators, all of which commute with Q apart from the 
scalar generator i?, and all fields which do not depend on y. We note that the operator Q 
appears in the commutation relations of eq. (14. 9 p and (I4.10p . However, Q commutes with 
every operator in the theory other that i?, and the commutator of R with Q is proportional 
to (5, and so one can consistently set the commutator of with Pa to zero and ignore Q in 
the algebra. Correspondingly, one can ignore the presence of Q in the group element of eq. 
(I4.17p . which corresponds to no y dependence at all. Thus one finds a non-linear realisation 
that is the one that arises if one constructs the massless nine-dimensional theory using the 
formulation of En appropriate to nine dimensions, which corresponds to deleting nodes 
9 and 11 in the Dynkin diagram in fig. [Hand decomposing En in terms of the G'L(9,M) 
subalgebra. The Og generators that are left are the Og generators that encode the gauge 
symmetries of the nine-dimensional theory, and they form with the non-negative level En 
generators the algebra E^nf. To summarise, the massless nine-dimensional theory arises 
from taking the subset of Og generators that commute with Q. This implies that one 
can consistently remove Q from the algebra, which can be used to construct the non-linear 
realisation. This in the nine- dimensional En formulation of massless maximal supergravity. 

We now describe the Scherk-Schwarz dimensional reduction of the ten-dimensional IIB 
supergravity theory to nine dimensions in an analogous way. We take the same starting 
point, namely the En formulation of the IIB theory in ten dimensions together with the 
Og generators and corresponding fields. We consider the group element 

g = ^x-P^y{Q+m,R'}^'S>os(x)KOs^A,f^,^{x)R''>'-"^AaM^)R''-"(,Aa{^^^ _ (4.22) 

We thus take the dependence on the coordinate y in the group element to be in the form 
QviQ+miB')^ This is equivalent to taking the theory to be defined on the conventional nine- 
dimensional spacetime tensored with a manifold that is a circle constructed form the usual 
ten-dimensional circle of spacetime and a circle, or one parameter subgroup of SL(2,'R), 
which is specified by the mass parameter m^. The factor e^^yQ+^i^^) occurs at the beginning 
of the group element in the usual place for the introduction of spacetime, and the fields 
are taken to not depend on ?/, however we can rearrange the group element by taking the 
^yruiW factor to the right whereupon the fields acquire a y dependence, that is 

g ^ g>^-P ^yQ ^^o!,{x,y)KOfi ^A,f,^^{x,y)R'^''^'- ^AaA=^,y)R''-" (>Mx)R^ ^ (4.23) 
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The y dependence of the fields in this last expression can be derived using the relation 

e^e^e-^ = e^"^'^"" . (4.24) 

This implies in particular that any S'L(2,M) doublet acquires the same y dependence. For 
instance for the 2-form this is 

Aa,A^,y) = {ey'^'''\^A,,^p{x) , (4.25) 

and similarly for any doublet, including the Og fields, while the SL{2, M) singlets acquire 
no y dependence. This is the y dependence that results in the Scherk-Schwarz dimensional 
reduction, which consists in compactifying the ten-dimensional theory to nine dimensions 
on a circle of coordinate y, while performing a ?y-dependent S'L(2,M) transformation [29] . 

From the group element in 04.231) one obtains the Maurer-Cartan form of eq. fl4.18p . It 
is instructive to write this down to show explicitly the y dependence. The result is 

g-^dg = dx^'lPf, + Af.e'l'Q + {df,Aab,a - df,Aa,aAb - ^^,ab,a + $(^a),aA " ^[^a],aAb 

+ $(Ma)^fe,a + $^A,,,A)e-'^^^'e-^'"»«'i?'^''"e-^'"'^'e*»^' 

+ {d^Aa,a - $(^a),a + $[H," - $;.Aa,a)e-^e-^'^'e-J^"^'^'i?'^'"e^'"'«'e'^'^' 

+ {d,Aa - $ + $ ^A,)e'^i?" + (a^0 - <I>,)R + e-^'^'a^e'^^^" + ...] 

+ dy[e'^Q + {dyAab,a - dyAa,aAb - ^[ab],a + ^a,aAb 

+ <l>A„,„Ab)e-'^'^'e-^™"^"/2'^'''°e^™'^'e'^'^' + {dyAa,^ - $a,« 

- <l>A„,„)e-'^e-*»^'e-J""'^'i?'^'"e^™'^'e'^'^' + {dyAa - + $AJe'^/2° 

+ {dy(j)-<^)R + e-'''^^^miR'e^^^^ + ...] . (4.26) 

Alternatively, one can compute the Maurer-Cartan form with the group element written 
as in eq. fl4.22p . In this way of writing down the group element, the fields have no y 
dependence and the dy part of eq. (14.261) results from passing mji?* through the group 
element. Indeed it can be shown that the two ways of computing the Maurer-Cartan form 
are identical using the y dependence given as in eq. (14.251) . 

As for the massless case, we now use the inverse Higgs mechanism to impose that all 
the terms in dy proportional to positive level generators vanish, and we get 

^aA^) = {miD')jAa,f3{x) <^[ab],a{^) = {miD') J AabA^) 

$ = $„ = . (4.27) 
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This does not apply to the scalars (^i, and indeed the mji?' term in the dy part of eq. fl4.26p 
is not affected by the inverse Higgs mechanism. This will be discussed later. We put the 
relations of eq. (14.271) back in the group element and so the Cartan form, and we use the 
inverse Higgs mechanism on the remaining Og fields such that the dx^^ part of the Cartan 
form gives the field-strengths 

Fab,a = d[aAb],a + (miD') J Aab,f3 , 

Fab = d[aAb] , (4.28) 
which transform covariantly under the gauge transformations 

SAab,a = d[aAb],a " d[aAAb],a + AirUiD') a'^ Aab,f3 

6Aa,a = daK + A{miD')J A^^p - {miD')^^K,(3 , 

5Aa = dak . (4.29) 

These are the field strengths and gauge transformations of the 1-forms and 2-forms of the 
nine-dimensional gauged maximal supergravity that arises from Scherk-Schwarz reduction 
of the IIB theory [29]. 

We now discuss the scalar sector. One obtains the correct covariant derivative for the 
scalars observing that the metric that results from the Maurer-Cartan form in eq. (I4.26P 
is 




(4.30) 



as the coefficients of the generators Pa and Q (for simplicity we are actually not considering 
the gravity contribution in nine dimensions and therefore the coefficient of Pa in eq. (I4.26P 
is the diagonal metric). The corresponding inverse metric is 

Taking account of having applied the inverse Higgs mechanism, the only other part of the 
Maurer-Cartan form along dy is 

Gy^R' = m.e-^^^^R'e'''^^^ , (4.32) 

while the i?* term along dx^ is 

Gf,,R' = e-'^'^'a^e'^'^' . (4.33) 
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Therefore the covariant derivative for the scalar is given by 




(4.34) 



which reads 



(4.35) 



This analysis therefore gives all the covariant quantities of the nine-dimensional theory 
corresponding to the Scherk-Schwarz reduction of JIB. 

As we observed, eq. (14.271) expresses some Og fields in terms of En fields. Similarly, 
requiring that the Og 1 operators K^"-'''^'"' and K'^'°' have vanishing coefficients in the dy 
direction relates « and ^a,a to Og 2 fields carrying the same spacetime and SL{2, M) 
representations. Iterating this one obtains for any n an Og n generator identified with 
Aab,a times the nth power of the mass parameter, and similarly for Aa^a- This generalises 
to all the fields in the theory. Putting these solutions into the original group element of 
eq. (I4.22p we find that it takes the form 

q = (f-P (,y{Q+^iR')(,'^Of,{x)ko<i ^A,t,^^{x)R''^''=' ^AaM,^^^^ (4.36) 



where the dots correspond to higher powers in multiplying higher grade Og generators, 
and K denotes deformed Og generators associated with nine-dimensional gauge transfor- 
mations. The group element of eq. (14.361) resembles the group element corresponding to 
the massless nine-dimensional theory, in the sense that each generator in eq. (I4.36P cor- 
responds to a generator with identical index structure of the massless nine-dimensional 
theory. As such we can interpret the R generators as deformed En generators. In particu- 
lar, we claim that although the expansions in eq. (14.371) are non-polynomial in mj, all the 
commutation relations involving these operators, or the commutation relations between 
these operators and momentum, only contain terms at most linear in m,. In particular, 
the commutator of R"-^^'^ with Pa is 



where 



(4.37) 



(4.38) 
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while the commutator of i?*^'" with Pa vanishes, as can be seen from eq. (14.151) . 

The deformed En and indeed the deformed Og generators have a simple algebraic 
classification. They are the operators that commute with the operator Q defined as 

Q = Q + TUiR . (4.39) 

Indeed, the commutation relation of i?", i?"'" and i?"^'" with Q is 

[g, i?l = 

[Q, R"^^''] = miDi''R''^'P . (4.40) 

We thus have to deform the operators i?*^'" and i?"'''", and from eq. (14.151) one gets that 
the deformed operators given in eq. (14.371) satisfy 

[g, ^"'"] = [Q, R'^b'^] = . (4.41) 

The Og generators of the nine- dimensional theory are also redefined in order to commute 
with Q. One thus constructs the generators K""'^^'"" and which are Og 1 generators 

followed by an expansion in rrii of higher grade Og generators. The Og 1 generator 
of the singlet vector R"^ is not modified as it commutes with Q. 

Having introduced the operator Q, we can write down the group element of eq. (I4.36P 

as 

g = qX-P ^yQ ^^o^(x)KOi^ ^A,f,^^{x)R''b-" ^AaA^)R'''" qA^^^ . (4.42) 

Indeed, we now show that using the operator Q rather than Q one obtains the field 
strengths, including the covariant derivative of the scalars, in a straightforward way. Cal- 
culating the Cartan forms from the group element of eq. (14.421) and using eq. (I4.38P and 
the fact that all the positive level operators commute with Q we find 

g-^dg = dx'^iPa + (aaA,e,a - SaA.^^A, - {m,D') / Aab,pA, + ...)e-'^'^"/2'"='°e<^'^' 
+ {daA,^^ + {nuDX^Aab^p + ...)e-<^e-^^^'/2'''"e^-^' + (9,A + ...)e<^i?^ 

+ %e-'^»^'e-'^^Qe'^^e^'^" , (4.43) 

where the dots in each term denote the Og field contributions, whose role is to cancel 
the non-antisymmetric terms in the Cartan form using the inverse Higgs mechanism. As 
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explained above g ^dg is invariant under g — > gog and so all the coefficients of the generators 
in the above equation are invariant. Hence, in particular the two terms 

dx^Pa , dx''e-'^^^\da - Aam,R')e'''^^^ (4.44) 

are separately invariant under g^ transformations. Hence we can identify the covariant 
derivative of the scalars as 

^-4>.R^ (a„ - AamiR')e'f'^^' (4.45) 

which now only transforms under the local transformations. The infinite number of rigid 
go transformations constitute the gauge transformations and so this covariant derivative is 
also covariant in the conventional sense. 

We note that the operator Q and the variable y although important for the logic of the 
result did not appear explicitly in the calculation of the terms that lead to this covariant 
derivative. Indeed one could have written down the group element without any Q ot y 
dependence and the Cartan forms would give the correct covariant derivatives and so gauge 
invariant quantities. Dropping the operator Q, one obtains in particular the commutation 
relation 

= 5>,/?* . (4.46) 

We now consider eq. fl4.46p as our starting point to define the nine- dimensional algebra 
j^iocai^ This is the algebra that describes the deformed nine-dimensional theory considered 
in this section, and contains the generators mji?*. Pa and all the positive level deformed 
generators, including the deformed Og generators. In the remaining of this section we 
will show that all the results obtained so far can be derived simply requiring the closure 
of the Jacobi identities in E^°{^f starting from eq. (14.461) . This approach is entirely nine- 
dimensional, and one never makes use of the fact that the theory has a ten-dimensional 
origin. As we will see, this provides an extremely fast method of deriving the field strengths 
of all gauged maximal supergravities. 

We start considering the Jacobi identity involving R°^, i?'^'" and Pa- The commutator 
between i?" and i?'''" is a deformation of the commutator in eq. (14.111) . and the most 
general expression we can write with the generators at our disposal is 

/?^'"] = -R'^^^ + amiDj^K^"'')'" , (4.47) 
with a to be determined, and where K^"'''^'" is the modified Og 1 generator satisfying 
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We also demand that the commutator between and Pc be of the form 

[i?'^*'-,P^] = 6(m,D%"5["i?*]'^ , (4.49) 

with the parameter b to be determined. The Jacobi identity involving i?", i?*^'" and Pa is 
satisfied provided that the values of a and b are 

a = 1 b = -1 . (4.50) 

To summarise, we have obtained the relations 

[i?"^'",Pj = -(m,D*)^"5['^i?^l'^ , (4.51) 

and in particular the second relation coincides with eq. fl4.38p . 

Proceeding this way, one can determine all the commutation relations of the modified 
Ell generators among themselves and with the momentum operator Pa- For instance, the 
Jacobi identity involving the operators i?", R°-^'°' and Pa requires the cancellation of terms 
linear in nii as well as terms quadratic in mj. The latter are cancelled by requiring that 
also the commutator of X'*'*^'" with Pd receives a correction at order nii. The result is 

^^a^^6c,a| _ -(miD%"ir"'''^'^ (4.52) 

and 

^j^a,bc,a^ P^] = 5»p^^.° _ 4" p^^l'" - i(m,D%"(5^K'^^'^ - 5^K"^'^) . (4.53) 

3 

Using the definition of the operator P'^'''" in eq. 04.371) . and eq. fl4.14p . one can for instance 
recover eq. (14.521) . that we have obtained requiring the closure of the Jacobi identities, 
directly using the ten-dimensional commutation relations. Indeed, at lowest order in the 
mass parameter, one gets 

[P«, pf"='"] = (miD%"[ir%, K^'''^''^ - = ^(miD%"K"'^'='^ . (4.54) 

In order to show the power of this method, we now determine the field-strengths for 
the 3-form and the 4-form of the nine- dimensional massive theory without using its ten- 
dimensional origin. We first write down the relevant commutators of the massless theory. 
We thus add to the commutators of eqs. (14.111) and fl4.12p all the commutators that involve 
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generators up to the 4-form included. We only write down the non-vanishing commutators, 
that are 



where e"^ is the invariant antisymmetric tensor of SL{2,'R). Starting from these relations 
and using eq. fl4.46p we can determine all the commutation relations involving such de- 
formed generators by imposing the closure of the Jacobi identities. Denoting with i?"*'^ 
and R'^'^'^'^ the deformed generators, one can show that the only commutation relation that 
needs to be modified with respect to eq. (14.551) is the commutator between two deformed 
2-form generators, which becomes 

^^ab,a^ ^cd,(i^ ^ ^af3-^abcd ^ 2{miD'Y'^ K^"^^^^'^ , (4.56) 

where K"-^^'^'^ is the deformed Og 1 generator associated to the deformed 3-form generator 
i?"'"^, satisfying 

[^a,fei62fe3^ p^] = 5<^^Rb^^^^-^ - 5\^Rb,b2b;] ^4 

and we have used e"^ to raise the SL{2, M) index, that is 

D' = e"^D;^ , (4.58) 

and is symmetric. The deformed Og 1 generator for the 4-form is K"''''^^^^^, satisfying 

[^a,6i...64^ pj = 6^^R^'-^* - S^;r'"-^^^ . (4.59) 

Both the deformed 3-form and the deformed 4-form commute with the momentum operator 
(actually neither the 3-form nor the 4-form generator are really deformed, but this is not 
relevant for this analysis). 

We now consider the group element 

g = ^x-p ^^osKOi^ (.A.bcdR'''''''' ^A^bcR'''''' f,A,b,c.R''''-'^ ^ (4.60) 

which only depends on the nine-dimensional coordinates x". Computing the Maurer- 
Cartan form and applying the inverse Higgs mechanism, one can show that all the terms 
which are not antisymmetric are set to zero by fixing the Og 1 fields in terms of the En 
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fields, and one is left with completely antisymmetric terms. These are the field-strengths 
of the 1-forms and 2-forms given in eq. (14.281) . as well as the field-strengths 

Fai...a4 f^fai ^020304] ^~ ^ ^[ai ^0203 ,0^04] ,/3 2^'^*'^^ ^[iiia2,«^a3a4],/3 
Fai...a5 — d[aiA.a2...a5] ^ f?[ai ^020304^05] + '''^[ai ^0203,0^0405],/? 

X 

for the 3-form and the 4-form. These are indeed the field-strengths of the 3-form and its 
dual 4-form of the massive nine-dimensional supergravity. The gauge transformations of 
the fields arise in the non-linear realisation as rigid transformations of the group element 
with the Og generators included. One obtains the transformations of the 2-forms and 
1-forms given in eq. (14.29^ as well as the transformations 

SAabc = diMd\ + e"^a[,A«A,],/j + ^e°^a[,AA,<,Ae],/3 + (m,D*)"^A[,,„Ae],/3 

'^-'4-01 ...04 ^[oiAa20304] ~l~ 2^ ^[01-^02, 0^0304],/? Av4(j203a4] 

+ ^e''^d[aAAa2,aAa,a4],/3 (4.62) 

of the 3-form and the 4-form. 

Observe that although the operators i?* other than rriji?* do not belong to the algebra 
E'f^g\ one can nonetheless use the group element of eq. (I4.60p . Indeed, the covariant 
derivative for the scalars is also obtained from the nine-dimensional group element of eq. 
(I4.60p . Indeed, the Maurer-Cartan form contains the terms 

e-^^R' d^e^^R' - A^e-'*'^^^ nuRe'*'^^^ , (4.63) 

which we recognise as the covariant derivative of the scalars. 

To summarise, we have found a general pattern for carrying out dimensional reduction 
to obtain gauged supergravities. The higher dimensional coordinates have a generator {Q 
in the massless case and Q in the Scherk-Schwarz case) which is associated with the space 
being reduced on. From the set on En and Og generators, we can find a set of deformed 
Ell generators which are just those that commute with the preferred generator associated 
with the reduction {Q or Q). The field strengths can then just be deduced from this 
deformed En algebra. We will see that this method transcends dimensional reduction and 
in fact applies to all gauged maximal supergravities. This will be the focus on the next 
two sections. 
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5 Ell cind massive II A 



In the last section we have analysed the massless and Scherk-Schwarz reductions to nine 
dimensions of ten-dimensional IIB supergravity from an En perspective. Starting from 
the algebra E[°^fQ^ of En plus the Og generators that encodes all the gauge symmetries 
of the ten-dimensional theory, the massless dimensional reduction corresponds to taking 
the Ell generators together with the subset of Og generators that commute with the 
momentum operator in the internal direction. On the other hand, the Scherk-Schwarz 
dimensional reduction corresponds to choosing operators that commute with a twisted 
internal momentum operator, and the twist is such that these operators are combinations 
of the ten-dimensional En and Og generators. It is important to stress that the content of 
the sets of generators in the massless and the Scherk-Schwarz theory are exactly the same, 
and the two theories differ because the commutation relations are different. In particular, 
the set of non-negative level En generators in the massless theory is the same as the set 
of operators in the Scherk-Schwarz reduction case that are obtained by adding to the En 
generators suitable Og generators of the ten-dimensional theory multiplied by powers of 
the mass deformation parameter rrii, where i is an SL{2,M.) triplet index. From the nine- 
dimensional perspective, these operators look like En generators, but their commutation 
relation receives a correction at order rrii. Therefore, the algebra appears from the nine- 
dimensional perspective as a deformation of the original En algebra. This deformation is 
such that the commutator of two positive level generators gives the standard En result at 
zero order in rrii together with an order rrii deformation proportional to the Og generators 
of the nine-dimensional theory. Correspondingly, the commutator of the deformed positive 
level En generators with the nine-dimensional momentum is proportional to the deformed 
En generators times the mass parameter. Starting from the commutation relation (14.461) . 
the entire algebra of the nine- dimensional deformed theory can be determined by requiring 
that the Jacobi identities close. 

In this section we consider the case of the massive deformation of the IIA theory, 
discovered by Romans in [8j. In this case the theory does not dimensional 
reduction of eleven-dimensional supergravity, and therefore one cannot deform the En 
generators adding eleven-dimensional Og generators. Nonetheless, we will show that from 
the ten-dimensional perspective one can still consider deformed En and Og generators, 
and the corresponding algebra i^^^'^^oA) which appears as a deformation of the massless 
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ten-dimensional algebra, determines all the field-strengths of the theory. In [TT] it was 
shown that the massive IIA theory can be recovered from an En perspective by adopting 
a non-trivial commutation relation between the momentum operator and the positive level 
generators. In particular the commutator of the 2-form generator with momentum gives 
the 1-form generator multiplied by the mass deformation parameter. The resulting algebra 
[TT] though has a problem of consistency because the corresponding Jacobi identities do 
not close. In 0U] it was shown that if one insists on requiring the consistency of the 
algebra for the lower-rank forms, the commutator of two 2-forms cannot vanish in the 
massive theory, but instead is proportional to an operator in the (3,1) representation of 
GL(10,M). This operator is indeed the Og 1 operator for the 3-form. We show that the 
whole algebra corresponding to the massive IIA theory is determined starting from the 
deformed commutation relation of the 2-form with momentum and requiring the closure of 
all the Jacobi identities. A different approach, based on the Kac-Moody algebra Eiq |31] . 
has recently been given in |32j . 

We start by writing down the algebra associated to the massless IIA theory. The mass- 
less IIA theory arises from the dimensional reduction of eleven-dimensional supergravity. 
The corresponding algebra arises from a decomposition of the En algebra in terms of 
GL{10, M) as relevant for the IIA theory, which corresponds to deleting nodes 10 and 11 in 
the Dynkin diagram in fig. [H In this section we denote with a,b, ... the tangent spacetime 
indices in ten dimensions. In deriving the En generators in terms of their GL(10,M) IIA 
representations it is useful to consider the eleven-dimensional generators and denote with y 
the internal 11th coordinate. One then obtains that the theory contains a scalar R, which 
is the GL(11, M) generator K^y, a vector R"^ corresponding to the eleven-dimensional K"-y, 
a 2-form i?"^ which arises from the eleven-dimensional 3-form with one index in the internal 
direction i?"*^, and then a 3-form R"-'"^, a 5-form R<^'^---°-'= ^ a 6-form R°-i---"-e^ a 7-form R'^^---"-'^ ^ 
an 8-form R"-^ - "-^^ a 9-form R"-^ --'^^ and two 10-forms i^'^i -'^io and R'°-i---"-^o ^ together with 
an infinite set of generators with mixed, i.e. not completely antisymmetric, indices [T^ . 

We now write down the part of the En algebra that involves these completely antisym- 
metric generators. This was first derived in [TT], but we use different normalisations for 
the generators, that make the eleven-dimensional origin of the algebra more transparent. 
For simplicity, we will neglect the contribution from the 10-form generators, that is we 
will consider a level truncation only involving generators up to the 9-form included. The 
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algebra is 

[R, W] = -W [R, R""^] = R^^ 

[i?, /2«l -'^5] = ^ai...a5 ^ai...a7] ^ 2/2'^i-'^^ 

[/^^ = i?"*"" i?'^2...a6] _ _^ai...a6 

[i?"l,/?"2...a8] ^ 3^ai...a8 [^aiaa ^ ^aa-ag] ^ _2^a^-as 

^^aiaa^ ^a3...a7j ^ ^ai...ar [^aiaa ^ ^a3...a8| ^ _2^ai...a8 

]^j^aia2 j^a3...a9j _ j^ai...ag j'^Qi-.-aa ^a4...a6j _ 2J^o-l --'^6 

[^ai...a3^^a4...a8j ^ ^ai...a8 ^ (^gj^ 

with all the other commutators vanishing or giving generators with mixed symmetries. One 
can show that all the Jacobi identities involving these operators are satisfied. Following the 
results of section 4, one can then obtain the Og generators of the ten-dimensional theory by 
decomposing the Og generators of the eleven-dimensional theory in terms of representations 
of GL(10,M). The subset of such generators that commute with the momentum operator 
along the 11th direction are the Og generators of the massless IIA theory. These are 
exactly the operators that are needed to encode all the gauge symmetries of the fields of 
the massless IIA theory. This corresponds to the fact that the massless IIA theory arises as 
a circle dimensional reduction of eleven-dimensional supergravity. In particular, for each 
n-form En generator the corresponding Og 1 operator is i^^'^i- -^" satisfying /^["'^^■••''"l = 0. 

We now consider the deformation of the massless IIA algebra giving rise to massive IIA. 
This theory was constructed by Romans in [8], and it corresponds to a Higgs mechanism 
in which the 2-form acquires a mass by absorbing the vector. In [TT] this mechanism was 
recovered from an En perspective by adopting a non-trivial commutation relation between 
the 2-form generator and momentum. Following the results of section 4, we interpret this 
as a redefinition of the En generators. We thus denote all the generators of the mas- 
sive theory with a tilde. These generators, although forming a set identical to the one 
corresponding to the En generators of the massless theory, have different commutation 
relations. These commutation relations make the corresponding algebra look like a defor- 
mation of the massless algebra involving the mass parameter. We thus write down the 
commutation relation between the 2-form and momentum as 

[R''\Pc] = -m6^;R''^ , (5.2) 
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where m is the Romans mass parameter. Our strategy is to use eq. (15.21) as our starting 
point, and to derive all the commutation relations of the deformed theory from it imposing 
the closure of the Jacobi identities. We will show that this will fix all the field-strengths 
and gauge transformations of the forms in the theory. In [53] it was shown that the super- 
symmetry algebra of IIA closes on all the forms predicted by En, and the field-strengths 
and gauge transformations of the form fields were derived imposing the closure of the su- 
persymmetry algebra. We will show that the field-strengths and gauge transformations 
as obtained using supersymmetry exactly coincide, up to field redefinitions, with the ones 
obtained here from En. 

The Jacobi identity involving the operators R, and Pa imposes that 

[R,Pa] = -2Pa . (5.3) 

Introducing the Og 1 operator for the deformed 3-form, defined as 

one can then show that the Jacobi identity between two 2-forms and momentum imposes 

m 

[R'\ R"^] = -2mK["''']'='^ . (5.5) 

One can then show that the Jacobi identities involving the scalar operator R require a non- 
trivial commutation relation between the deformed 7-form generator and the momentum 
operator, while the commutator between the 2-form and the 5-form generator has to be 
modified by a term proportional to the Og 1 K"-'^^-^^ the 6-form, which satisfies 

[^a,6i...fe6^ p^] = (5,"P^i-*« - . (5.6) 

The result is 

[R"\Pk] = mdf'R"^-'''^ (5.7) 

and 

[paiaa^ pbi...fe5] = f^a^a^b^ . . .b, ^ ^^[ai,a2]fei...fe5 _ (53) 

Finally, the Jacobi identities also impose that the commutator between the 9-form and mo- 
mentum, as well as the commutator between the 2-form and the 7-form, must be modified. 
The result is 

[Fr'-''\Pb] = -5m4"'^"'-'''' (5.9) 
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and 




(5.10) 



[K' 



(5.11) 



All the other commutators are not modified, and they are as in eq. (15. ip with all operators 
replaced by deformed operators. 

To summarise, we have shown that starting from the En algebra of eq. (15. ip and 
introducing the deformed 2-form generator which satisfies the commutation relation of eq. 
(15. 2p . the Jacobi identities determine completely the rest of the algebra. In particular, 
once the algebra is expressed in terms of the tilde generators, the only commutators that 
are modified with respect to eq. (15.11) are those of eqs. (15. 5p . (15.81) and (I5.10p . while the 
additional non-trivial commutation relations with Pa are given is eqs. (15. 3p . (15. 7p and (15.90 . 

We now consider the group element 

g = e^--Pe*og-^°''e^'"i ■■"s^"' '"® . . . e^''i - "5-^"i- -"^e^"! ■■'^3^°'' "'e^"i"2-^"'"'e'^"-^°e (5.12) 

where we denote with $og the whole set of Og 1 field of the ten-dimensional massive IIA 
theory. Similarly we denote with K'~'^ the whole set of deformed ten-dimensional Og 1 
operators, which we treat as commuting because we are ignoring the contribution of Og 2 
generators for simplicity. One can compute the Maurer-Cartan form that results from the 
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group element in eq. fl5.12p . The result is 

g-'d^g = e'*P, + d^<l)R+{d,A, + mA,, + ...)e'f'R'' + {d^A,,a, + -.)e-'^R^'''' 

771 ~ 

A- (f) A — fl A A -\ -A A -\- \p<^i-^s 

771 ~ 

(f) A -lOFI A A A A A A -I- \p-'t> 'R°■-^■■■°■5 

' y-'^-'^ai...as ' -^"-^/^^ai 0203^0405 ' g ^/lai ^a2a3 ^a4a5 ' ...yc- ±l 
~l~ {d piAai . . .af, dfji_A[i^ dr^AdQ 2,d^A(i^Q2a-iA(i^a^AQ^^ -\- 0^A(i^a2a3A 



03^ ^040506 



m 



A A A A —mA -\- "iR"!- 



m 



-i_ (f) A — f) A A — r) A A A A A A A 

~ V^M ''i-'-i^T "-'^^ai...a5^a6a7 "-^/J^aia2a3^a4a5^a6a7 -|^2 '*2'J3 1415 Qie'JT 

+ ...)e '^R ^ ^ + {dfj_Aa^ as + 35^Aaj...a:^Aag + 2d^Aa^ aaAa^^as 

dfj^Aa-^ ac^Aag '^dfj^A^-^ a^^Aaga^Aa^ '^dfj^A^-^n^a^Aa^a^Aaga^Aag 

TTi 

-L Or) A A A - A A A A A — 9m A A 

~ -^"^^^ai ..03 ^a4...a6 ^aras ^ ^/jai ^0203 ^a4a5 ^agay^ag ■''"''^^ai...a6^a7ag 

+ 5fnA^iii...as "I" •••)^ "^-^ ^ * ~l~ (^/^^ai...ag ~ f^/^^ai ...aT^agag 
-I- ir) /I A A -i- -r) A AAA 

~l~ gQ A^d-^ Aa^ag Aa^a^ Ad^d^ Acigcig -\- ...)c R -\- ... . (5.13) 

The dots at the end denote terms proportional to the higher level deformed Eu generators 
as well as all the Og generators, while the dots in each bracket denote the contributions 
from the Og 1 fields, which we did not write down explicitly because their contribution 
vanishes after antisymmetrisation of the fi index with the other indices. Indeed, the Og 
1 fields in the group element of eq. fl5.12p are ^a,bi...b„, for n = 1,2,3,5,..., satisfying 
^la,bi...bn] = 0. The inverse Higgs mechanism relates these Og fields to the deformed Eu 
fields in such a way that only the completely antisymmetric terms in (15.131) survive. These 
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terms are 



-^0102 ^[01^02] ^^ai02 
-^010203 ^[01^0203] 

TTl 

Fai...a4 — f^[ai ^020304] ^ f^[ai^a2a3^a4] H ^^[aia2 ^0304] 



Fai...ae '^[ai^a2...06] '^d[ai^a2aga4^ac,ae] H ^^[0102^0304^0506] 

F — r9r4 ^ — f), A A ^ — 9/)r 4 4 A ^ 4- f), A A 1 

ai...a7 ^[ai^a2...a7j ^[ai-^a2...a6 (17J ■''^[01^020304^0506 17] ^^[01^020304^050607] 

^-'4 [0102 ^03 04 ^05 06 -'^07] ^^01. ..07 
P _ ^1, 4 , _ r)r 4 4 , — /)r 4 4 4 

-'■ 01...08 '-'[ai^a2...a8j '^[oi ^02 ...oe ^0703] "-^[oi ^020304 ^0505 ^07a8[ 

m 

^[0102 ^0304 -^asae ^0703] 
-^ai...09 ^[ai^02...og] ~l~ 35[a-^v4.(j2... 03^09] ~l~ 2(?[(ji ^02. ..07^0809] ~l~ ^[01^02 •••06^07... 09] 

39[ai ^02...06^0708-'^09] 35[(ji ^020304 ^0506 ^0703 -'^09] ~l~ 29[(j-^ v4(j2. .04 ^05 ...07^0809] 

^-'4[oi 02^0304 ^0506^0708^09] '^'^-^[ai-.-aj-^asag] ~l~ 57T7.v4aj...o9 

F — r)r4 ,_r)r4 4 ,4- -r)r 4 A A 

ai...oio '-'[ai^a2...aioJ '-'[oi ^02.. .03 ^09010] ~ 2 ["1 "2---a6^a7a8^a9<iioJ 

1 777/ 
+ 2^[oi ^020304^0506^0708^09010] ~l~ ^^[0102^0304^0506^0708^09010] • (^-l^) 

These are the field-strengths of the fields of the massive IIA theory. Out of these field- 
strengths one can construct the field equations, which are duality relations between the 
various field-strengths. In particular, the 2- form ^^0102 

is dual to the 8-form Fa^...o8, the 
3- form ^010203 is dual to the 7- form F^^ ^^ and the 4- form F^^ ^^ is dual to the 6- form 
^ai...a6) while the 9-form -Faj . ag is dual to the derivative of the scalar and the 10-form 
^ai...aio is dual to the mass parameter m. All these relations are covariant under the local 
subalgebra of the non-linear reahsation, which is SO 

The gauge transformations of the fields arise in the non-linear realisation as rigid trans- 
formations of the group element, g gog, as long as one includes the Og generators. One 
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obtains 



5Aa = da A - mAa 

SAaia2 = d[aiAa2] 

'^^ai...a5 9^aiAa2...a5] 9^a^AAa2a:j-'^a4,ar:,] 29[a,-^ A^j ^030405] ~l~ '^■^[^1 ^0203 ^0405] 
'^^ai...a6 d^aiAa2...a(i] ~l~ ^^[ai -Aa2a3 ^040506] ^^[ai -Av4q,2 ...as] ^^[ai -^^0203 ^040505] 

'^^ai...a7 ^[ai Aa2...a7] g^fai A^a2a3^a4a5^aga7] ~l~ ^[ai Aa2^a3...a7] 

+ — TTlA [cj-^j4(j2a3^a4a5 ar] 
^-Aa^ ag d^aiAa2...as] ~^ ^^[ai Aa2a3^a4...ag] ~l~ '^d^aiAAa2...as] ~^ ^^[ai Av4(j2a3a4^a5a6 ^a7ag] 

2(5[(jj^ AQ,2^a3...ag] 5?7lAg[-^ 3?77.A[Q,x^a2...ag] ^Ajq-i ^020304 ^Qsae^'^T'Js] 

'^^ai...a9 ^[ai A(j,2...ag] ^2 '^['^i'^^"2a3^a4a5^a6'i7^<i8C9] ~^ ^[ai Aa2^a3...a9] 

~l~Y2'^'^["i^'^2a3^a4a5^a6a7^a8a9] • (5.15) 

In [33] the supersymmetry transformations of all the forms and dual forms of the 
massive IIA theory where determined. The supersymmetry algebra closes on all the local 
symmetries of the theory, and this was used to determine all the gauge transformations 
and the field-strengths of the various forms, as well as their duality relations. These forms 
are exactly those predicted by En. One can show that the field strengths and gauge 
transformations of p3] coincide with those given in eqs. (15.141) and (15.151) up to field 
redefinitions. The fact that using simple algebraic techniques one can easily determine 
these quantities proves the power of the En formulation of maximal supergravities and of 
the methods explained in this paper. In the next section we will apply these methods to 
the case of maximal gauged supergravity in five dimensions, deriving again the results of 

EUl. 



6 £^11 and gauged five- dimensional supergravity 

In section 4 we derived the algebra E'f^^g'- associated to the Scherk-Schwarz dimensional 
reduction of the IIB theory to nine dimensions. After deriving the field-strengths of the the- 
ory from a ten-dimensional group element with a given dependence on the 10th coordinate 
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y, we have shown that the same results can be obtained directly in nine dimensions. Indeed 
from the nine-dimensional perspective the fact that the ten-dimensional group element has 
a non-trivial y dependence translates in having generators of the nine-dimensional theory 
that are deformed with respect to the massless case. We have shown that the algebra 
of these deformed generators is uniquely fixed by the Jacobi identities, and in deriving 
the deformed algebra in this way one never makes use of the fact that the theory has a 
ten-dimensional origin. This approach was indeed taken in the previous section, where 
we derived the algebra £'[°'^"q^ corresponding to the massive IIA theory by requiring the 
closure of the Jacobi identities. From this algebra we have then derived the field-strengths 
of all the forms in the theory. 

In this section we will perform precisely the same analysis for the case of maximal 
gauged supergravity in five dimensions. We will derive the algebra E^°{^f and from it we 
will determine the field-strengths of the forms in the theory. The analysis follows exactly 
the same steps as we have shown in the previous section for the case of the massive IIA 
theory in ten dimensions. We will first review the En algebra as decomposed with respect 
to its GL(5,M) ® Eq subalgebra which is relevant for the five-dimensional analysis. 
This corresponds to deleting node 5 in the Dynkin diagram of fig. [H We will then consider 
the algebra of the deformed generators which occur in the description of the gauged theory 
from the En perspective. The commutation relations of these generators are completely 
fixed by imposing Jacobi identities. The resulting algebra is such that the non-linear 
realisation determines completely all the field-strengths of gauged maximal supergravity in 
five dimensions. A different approach to gauge super gravities, based on Eio, was presented 
in [51] for the three-dimensional case. 

We now review the En commutation relations of the form generators up to the 4-form 
included that occur in the decomposition of En with respect to GL{5, M) ® Eq [H]. These 
generators are 

r>a Di)A^ jDab T3abc,a oabcd 'l\ 

n K n M -ti n [mn] , ID-J-J 

where R", a = 1, . . . , 78 are the Eq generators, and an upstairs M index, M = 1, . . . , 27, 
corresponds to the 27 representation of Eq, a downstairs M index to the 27 of Eq and a 
pair of antisymmetric downstairs indices [MA^] correspond to the 351. The commutation 
relations for the Eq generators is 

R(^] = pP^W , (6.2) 
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where /"^^ are the structure constants of Eq. The commutation relations of i?" with all 
the other generators is determined by the Eq representations that they carry. This gives 



jjab 
t N 

R'^^'^iN]] = -{D'^)k/R'''"'\pn] - {D'^)n''R''''\mp] , (6.3) 

where (D")Ar*^ obey 

[D°,D^]M^ = r^(I^")M^ . (6.4) 
The commutation relations of all the other generators are 

[i?--^,i?%,] = ^„^(D-)^,^i?-^'='/5 

r DCib ncd 1 -nabcd 

[n M, -n, atJ — /t [MAT] 

^j^a,P^j^bcd,a^^ gaPlMN]j^abcd^^^^^ ^ ^g g) 

where d^^'^^ is the symmetric invariant tensor of Eq and Qais is the Cartan-Killing metric 
of Eq. 5'"'P[^^^] is also an invariant tensor, which the Jacobi identities fix to be 

and which satisfies the further identity 

= -^^g'rf^]^^ . (6.7) 

One can show that all the Jacobi identities involving the generators in eq. (16.11) are satisfied 
using the commutators listed above. 

To obtain the field-strengths of the massless theory, one introduces the Og generators, 
that encode the gauge transformations of all the fields. We focus in particular on the Og 
1 generators for the En generators listed in eq. (16.11) . that are 



[i?",i?'^V] = -(Z}-)M^i?"^ 



47 



and whose commutators with the momentum operator are 



^J^a,bib2b3,ct pj _ ^aj^bib2b3,a _ ^[a j^ib2bz\,a 

[K^^''-'\mn],Pc] = 6:r'--'\mn] - 5'^:r''-'^\mn] ■ (6.9) 



We then write down the group element 

.[MAT] p£ii...£i4 



9 



where we denote with K'~'^ all the Og 1 generators listed in eq. (16.81) and with $og their 
corresponding fields. One can then compute the Maurer-Cartan form, and use the inverse 
Higgs mechanism to fix all the Og 1 fields in terms of derivatives of the En fields, in such 
a way that only the completely antisymmetric terms in the Maurer-Cartan form survive. 
These quantities are the gauge-invariant field-strengths of the massless theory obtained in 
which we list here 



1 

\1a2a3 — '^[01^0213] 2'^lai^a2,N^a3],P' 



1 



Fa!.^a5 = ^[ai^a2:^a5] " ^^[ai ^aa ,P^a3,Q^a4,i? As] .S^^^'^^-Dt^'S'"'^'^^^! 

+Aa,A^,„3a4A5],P'5"^[*'^^] (6.11) 

for completeness. 

We now consider the deformed case. We take as our set of generators that of eqs. (16. ip 
and (16. 8p . but to indicate that these generators themselves have been deformed, we denote 
them with a tilde. The commutation relations receive order g corrections with respect to 
the massless ones, where g is the deformation parameter. We start from the commutation 
relation between the deformed vector generator and the momentum operator. We impose 
this to be 
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The quantity 9*^ turns out to be the embedding tensor [7], and the generators 
are the generators of the subgroup G of that is gauged. These generators belong to 
the algebra E^°-^f. We now show that all the commutation relations of the deformed 
operators among themselves and with the momentum operators are uniquely fixed by 
Jacobi identities. From the resulting algebra we construct the non-linear realisation whose 
Maurer-Cartan form gives the field-strengths of the gauged theory. 

We first consider the Jacobi identity between 0^i?", R"-'^ and P^. Defining 

one gets 

e^ejr^ - e^x*^^ = , (6.i4) 

which turns out to be the condition that the embedding tensor is invariant under the gauge 
group. We then write the commutator of the 2-form R°'^m with Pc as 

[R'\uPc] = -2gWMN5'^:R'^''' , (6.15) 

which defines the antisymmetric tensor Wmn- The Jacobi identity involving R°'^m, Pc and 
Pd gives 

WmnQ^ = . (6.16) 
The Jacobi identity involving the operators i?"'^^, R^'^ and Pc gives 

[^a,M^ ^b,N^ ^ ^MNP^ab^ _ S^^J.^'^liT'^''''^ , (6.17) 

using the fact that the Og 1 for the vector K"''^'^ is symmetric in ab and satisfies 

To get eq. (I6.17P one has also to impose 

Xjf ^) = -PFpQciQ^^^ . (6.19) 

The Jacobi identity between R"'^m, ©a Pc gives 

X^^^Wq^^ = , (6.20) 

which is the condition that the tensor Wmn is invariant under the gauge subgroup G. The 
Jacobi identity involving i?"'*^, R^'^n and P^ gives 

[R'^M, = (D'^)^^^R-'^^ + ^giX^'"" + ^X^^')K'^^'^p (6.21) 
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and 

[Fr'\,Pd] = -gQ'^5^^R''''^M , (6.22) 
where the Og 1 operator K°''^'^m satisfies 

[i^"''^M, Pd] = S^iR^'m - S^^R'^^M - '^gWMNiS'.K'^^''^'' - 5^^'^''''^) . (6.23) 

Proceeding this way, one can determine all the commutators requiring the closure of the 
Jacobi identities. This gives 

[/2"Vx, R'\] = R'^^'^'mn - 4(?l^(M|P|I?^)^i^['^'']^'„ , (6.24) 

O 

and 

where we introduce the Og 1 generator for the 3-form K"''^^^'^^''^ a-, satisfying 

In order to get these results one has to impose an additional constraint 

/"^eg - D'^p<^Q^ = 4D-/Wp^^^,5^«[*^^l , (6.28) 

which shows that the embedding tensor and Wmn are related by the invariant tensor 
^aPiMN]^ and thus belong to the same representation of Eq, which is the 351. 

To summarise, we have determined the commutation relations satisfied by the deformed 
Ell p-form generators, the corresponding deformed Og 1 generators and the momentum 
operator of the five- dimensional massive theory starting from eq. (I6.12p and imposing the 
closure of the Jacobi identities. We will now determine the field-strengths of the 1-forms, 
2-forms and 3-forms of the theory using these results. We consider the group element 

g = g^-^g*Og^ '*g^'»l-<'4^[A/JV] g-4a-^a2a3,a« 1 ^ ' g^aiaa^f g-^a.Af" g<Pa^ ^ (6.29) 

where as in the massless case we denote with K'^^ all the deformed Og 1 generators and 
with $og the corresponding fields. One can then compute the Maurer-Cartan form, and 
use the inverse Higgs mechanism to fix all the Og 1 fields in such a way that only the 
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completely antisymmetric terms in the Maurer-Cartan form survive. To compute the field- 
strengths, it is thus sufficient to consider only the R operators and Pa in the group element 
above. The final result is 

1 



d[aiAa2],M + 29^M^^Aa'i,NAa2],P " 2gWMNAa^^ 
1 



+9Dl,^QfA^a.,pAl^^^+AgDl,^Wp^A^Za,-^^^^^^^ 
-9D%''X^^'''^A^a.^pAa,.RAl,,^-^^gXf''^d 

These are the field-strengths of the five-dimensional gauged maximal supergravity [20] . 
One can also derive the gauge transformations of the fields from the non-linear realisation 
as they arise as rigid transformations of the group element, g ^ gog, a.s long as one includes 
the Og generators. The result is 



SAa,N = dAN - gAsX^'^'AaM + ^gWupK 
1 

— ( 

2 



5<.. = %.A2, + \d^a.KsAa,^Td'^^ + gAsXi,^A^l^^ + 2W^,pAf, 



y aia2 c 



-gApQ^r^Ala,,^ + 2gWMpAfa,D%''AZa,] + ^^M^A.RAf.,rf^'^'5l>S^A„;v^3] 
-^gD^^Wp^A^lZas ■ (6-31) 

In [20] these transformations were derived both from En and from requiring the closure 
of the supersymmetry algebra. Indeed, the commutator of two supersymmetry transfor- 
mations on these fields gives the gauge transformations above provided that the fields are 
related by dualities. In particular the 1-forms are dual to 2-forms while the 3-forms are 
dual to scalars in five dimensions. The field-strength of the 4-form is dual to the mass 
parameter. The field strengths and gauge transformations obtained here precisely agree 
with those obtained by supersymmetry. 

In the above we have taken Jacobi identities with all the deformed generators of eqs. 
(16. ip and (16.81) with the exception of i?", but we have instead restricted our use to R^. 
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Using the Jacobi identities for i?" would lead to results that are too strong. A solution to 
this problem, at least at low levels, requires adding to spacetime the scalar charges in the / 
multiplet, as was done in [20]. In this case the Jacobi identities are automatically satisfied. 
Adding the higher charges in the / multiplet may also resolve this problem at higher level. 

To summarise, we have thus shown that the methods explained in this paper give an 
extremely fast way of computing the field strengths of all the forms and dual forms of 
five-dimensional gauged maximal supergravity. These methods can be easily generalised 
to any dimension, providing a remarkably efficient way of determining the gauge algebra 
of any massless or massive theory with maximal supersymmetry. 

7 The dual graviton 

Any very-extended Kac-Moody algebra, when decomposed in terms of a G'L(D,]R) sub- 
algebra which one associates to the non-linear realisation of gravity, contains a generator 
with D — 2 indices in the hook Young Tableaux irreducible representation with D — 3 
completely antisymmetric indices, that is /J«'^i---^d-3 -with i?K^i- -*o-3] = q (^j^ \^\iq c^gg of 
Ell decomposed in terms of G'L(11,]R), this generator is i^"'''i- -^8). The field associated to 
this generator in the non-linear realisation has the degrees of freedom of the dual graviton. 
The Kac-Moody algebra therefore describes together the graviton and the dual graviton. 
In this section we will consider the Og operators for the dual graviton. We will focus on 
the four-dimensional case, in which the dual graviton generator i?'^^ is symmetric in its two 
indices. 

In subsection 7.1 we will first consider the case of the dual graviton in fiat space. 
This corresponds to considering the dual graviton generator by itself, together with its 
corresponding Og generators. This does not arise from any very-extended Kac-Moody 
algebra. A field theory description of a linearised dual graviton is known to exist, and its 
field equations in four dimensions were first obtained by Curtright [35]. For subsequent 
developments see [H EH] ■ 

We then consider the dual graviton coupled to gravity. The simplest very-extended Kac- 
Moody algebra whose non-linear realisation gives rise to a four-dimensional theory is the 
algebra A'l'^^ , whose Dynkin diagram is shown in fig. [51 The corresponding spectrum does 
not contain any form. We will show that there is no consistent solution of the inverse Higgs 
mechanism that leaves a propagating dual graviton. We will also consider the case of En 
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in four dimensions, which corresponds to deleting node 4 in the diagram of fig. [T], leading 
to the internal symmetry algebra Ej. In this case we will show that even considering 
linearised gravity, that is neglecting the GL(4,M) generators and the corresponding Og 
generators, and only considering interactions of the dual graviton with matter, one is left 
with no consistent field strength for the dual graviton. This result is consistent with [37] , 
where it was shown that it is impossible to write down a dual Riemann tensor in the 
presence of matter even when gravity is treated at the linearised level. 

In the first subsection we will only consider the algebra of i?"'' and all the corresponding 
Og generators. The Maurer-Cartan form, that can be thought as the Maurer-Cartan form 
of Al^~^ or Ell truncated to this sector, leads to invariant quantities that can be constrained 
by means of the inverse Higgs mechanism to generate the Riemann tensor for the linearised 
dual graviton. In the second subsection we will then consider the case of dual graviton 
coupled to gravity, which corresponds to the algebra Al~^^ , and in the third subsection we 
will consider the En case of the dual graviton coupled to vectors with linearised gravity. 

7.1 The dual graviton in four dimensions 

In this subsection we want to consider the dual graviton alone, that is without introducing 
the generator associated to the graviton or any other matter generator. We want to show 
that one can introduce suitable Og generators for the dual graviton in such a way that gives 
rise to a consistent field strength and consistent gauge transformations. The dual graviton 
generator in four dimensions is a generator with 2 symmetric indices R"^^. Following the 
notation of the previous section, we define two Og 1 generators K'l'^'^ and K^'"^ in the 
irreducible G-L(4, M) representations defined as 

j^a,bc _ j^a,{bc) j^{a,bc) _ g 

and whose corresponding Young Tableaux are shown in fig. [31 Note that the sum of 
these two representations corresponds to an object with three indices, symmetric under 
the exchange of two of them and with no further constraint. These operators satisfy the 
commutation relations 

[kt\Pa]=6^;B''^ , (7.2) 
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while we take R as commuting with Pa- We also take R as commuting with itself 
because we are considering the dual graviton alone (for instance in Af^~^ the dual graviton 
is a generator at level 1, and therefore the commutator of two dual graviton generators 
leads to an operator at level 2). Also all the dual graviton Og generators are taken to 
commute with each other, and to commute with i?"'' as well. 
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Figure 3: The Young Tableaux of the first Og and Og generators for the dual graviton in 
four dimensions. 

We now consider the Og 2 operators. These are i^2' and kf''^ in the GL(4,M) 
representations 

■p^aficd j^a,{bcd) j^{a,bcd) g 

kf^d ^ ^{abcd) ^ ^^ 3^ 

whose Young Tableaux are shown in fig. [31 and their commutation relation with Pa is 

[k^bcd^ pj ^ §iaj^bcd) _ 

The coefficient | in the first commutator can be obtained from the Jacobi identity involving 

j^a,bcd 

We will now compute the Maurer-Cartan form, and we will first consider only the 
contribution from dual graviton and the Og 1 fields, while the Og 2 fields will be included 
later. We thus consider the group element 

g = e-^e*--^"'^e*-^^f"e^-«" , (7.5) 
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from which one computes the Maurer-Cartan form 

g-'d,g = P, + {d,A,,-^l,,-¥^,,)R''' + ... , (7.6) 
which is invariant under 

^^ab = Ctab + x'^^c,ab + x'^^abc 
^^Xbc = ba,bc 

SK,bc = Kbc ■ (7.7) 

The first of eqs. (17. 7p is reproducing the gauge transformation for the dual graviton in flat 
space, 

SAat = d^a^b) (7.8) 

at linear order in x, that is quadratic order in x for the gauge parameter A^, 

Aa = aabx'' - ba^bcX^x'' + ^babcX'^x'' . (7.9) 

One can solve for inverse Higgs in such a way that the whole Maurer-Cartan form 
proportional to i?"* vanishes compatibly with the symmetries. This corresponds to fixing 

^l,, = d^Aab - d^^Aab) (7.10) 

and 

^lab = d^,Aab) . (7.11) 

The fact that reproducing the gauge transformations for Aab at linear order in x allows 
one to eliminate completely the Maurer-Cartan form proportional to i?"'' by means of the 
inverse Higgs mechanism corresponds to the fact that one cannot write a gauge invariant 
quantity at linear order in the derivatives. Note that there is a crucial difference here with 
respect to the non-linear realisation of gravity discussed in section 2. In that case the part 
of the Maurer-Cartan form proportional to the generators of the local subalgebra SO{D) 
gives the SO{D) connection, which becomes the spin connection once the inverse Higgs 
mechanism is applied. In this case the dual graviton field is already symmetric, and thus 
there is no corresponding local Lorentz symmetry. It is for this reason that at this level 
the Maurer-Cartan form vanishes once the inverse Higgs mechanism is applied. 

We now consider the contribution from the Og 2 fields. We write the group element as 

^ = e e 2 e'^abcd^2 g^a.^c-^i e^abc-^i e , (7.12) 
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and obtain the corresponding Maurer-Cartan form 

+ {dAc-\K.abc-^Uc)Kt' + - ■ (7.13) 

Having introduced the Og 2 operators, the transformations of the field that leave the 
Maurer-Cartan form invariant acquire additional contributions, and in particular there is 
a term in the variation of Aab which is quadratic in x. The result is 

^Aab Ojab ^c,ab ~l~ babe ~l~ g-^ Cc^abd *^ (^{e,ab)d ~\~ '^■^ Cabcd 

^^l,be = Kbe + x'^Ca,bed " x'^C(^a,be)d 

~ ~ 2 

6^1,,^ = ba,be + ^x'^Cd,abe + x'^Cabed 
^^l,bed = Ca,bed 

^Kbed = CaMd ■ (7.14) 

In particular the first of these variations is the most general gauge transformation for the 
field Aab of the form (17. 8p up to terms cubic in x. 

We now apply the inverse Higgs mechanism, solving for the fields ^l^^ed ^"^^ ^"abed 
terms of Aab- The result is 
1 



^a,bed = \dadbAcd + + Qa^dAbe - dbd^Aab - dbddAae - OcddAab] 

^Ibed = d^adbA^) . (7.15) 

Plugging this into the Maurer-Cartan form, one notices that there is a non- vanishing term 
proportional to Kl'^'^, that is 

g-'d,g = P^ + {^d.daAb, - ^d.dbAac - ^d^dbA^, + ^dbd,A^a)Kf' + ... . (7.16) 

This is indeed the Riemann tensor of linearised gravity Dab,cd, which is a tensor in the 
window-like Young Tableaux representation. 

One can introduce in the same way the higher Og generators, constructing in this way 
gauge invariant quantities which are derivatives of the Riemann tensor. The end result is 
thus 

g-'d^g = P^ + D^a,beKi''" + ... , (7.17) 
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where the dots correspond to derivatives of the dual graviton Riemann tensor 

Dab,cd = IdadbAcd - ^dadcAbd - ^daddAbc - ^dbdcAad - ^dbddAac + ^dcddAab (7.18) 
6 b b b b 6 

contracted with higher order Og generators. This shows that the hnearised dual graviton 
admits a description in terms of i?"^ and Og generators, and the corresponding Maurer- 
Cartan form contains the correct Riemann tensor, which can be used to construct the 
dynamics. 

We now want to perform a dimensional reduction on a circle of coordinate y. We thus 
take the dual graviton and all the Og fields to be y independent. The representations 
of GL{3,M.) that arise in the three-dimensional compactified theory are shown in fig. H] 
for the dual graviton field and the first two Og fields. The circle dimensional reduction 
corresponds to the assumption that neither the dual graviton field nor the Og fields depend 
on y. 

The dual graviton Aab in four dimensions has two symmetric indices, and after dimen- 
sional reduction it leads to an object with two symmetric indices Aab, a vector Aa = Aay 
and a scalar A = Ayy. As the figure shows, the Og 1 fields can be divided in three sets. The 
first one contains the Og fields for the field with two symmetric indices Aab and the vector 
Aa- This is precisely what we want in order to obtain the correct gauge transformations 
for the three-dimensional fields. The second set contains the same representations as the 
dimensionally reduced fields. The dy part of the Maurer-Cartan form contains these fields 
summed to the y derivative of the dimensionally reduced fields. Thus, from the requirement 
that the fields do not depend on y it follows that these Og fields can be put to zero using 
the inverse Higgs mechanism. Finally, the third set contains a field with two antisymmetric 
indices and a vector, and we call these fields the Og 1 fields for the vector and the scalars. 
These fields are the ones of interest to us in the following. The dimensional reduction of 
the Og 2 fields gives the Og 2 fields for the field with two symmetric indices and the vector, 
together with a set of fields in the same representations as the dimensionally reduced Og 1 
fields, and again the dy part of the Maurer-Cartan form contains these Og 2 fields summed 
to the y derivative of all the Og 1 fields. Using y independence and the inverse Higgs 
mechanism one thus sets to zero these Og 2 fields. 

We now explain the occurrence of the Og 1 fields and generators in the dimensional 
reduction. In the four- dimensional theory, once the inverse Higgs mechanism is applied 
the Maurer-Cartan form is given in eq. fl7.17p . and the first non- vanishing term is the dual 
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Figure 4: The dimensional reduction of the dual graviton and its Og fields. Each field 
is aligned horizontally with its corresponding Og fields. The rest of the Og n fields are 
associated to the y derivative of the Og (n — 1) fields. The dimensional reduction also 
produces Og 1 fields for the vector and the scalar. 

graviton Riemann tensor, which is at second order in derivatives. Using the ^/-independence 
of the fields, the dimensional reduction of the Riemann tensor leads to the Riemann tensor 
for Aab in three dimensions together with 



a 



ab,cy 



D, 



ab.yy 



-daFbc + -d(bF\a\c) 

^dadbA , 



(7.19) 



while Day^yy vanishes. Here we have denoted with Fab = d[aAb] the field-strength of the 
vector. As eq. fl7.19p shows, the Maurer-Cartan form in three dimensions thus contains the 
Riemann tensor of Aab together with the derivative of the field-strength of the vector and 
the double derivative of the scalar. This implies that among the rest, the Maurer-Cartan 
form is invariant under the transformations 



6Aa = X%[ba] SA = baX" 



(7.20) 
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which indeed lead to 

SFab = blab] 6{daA)=ba • (7.21) 

Such transformations cannot be written as standard gauge transformations for the corre- 
sponding fields, and indeed they do not leave the field strength invariant, although they 
are symmetries of the dimensionally reduced Riemann tensor. They are generated by the 
operators associated to the Og 1 fields in fig. HI and in general we define the Og generators 
as those producing transformations that cannot be written as gauge transformations. The 
Og 1 fields in fig. HJ together with the standard Og 1 fields for Aat and Aa, are such that 
all the terms with one derivative of the fields in the Maurer-Cartan form vanish once the 
inverse Higgs mechanism is applied. The standard gauge transformations of the fields are 
obtained by performing a truncation that projects out the Og 1 generators, and once this 
truncation is performed one can no longer use the inverse Higgs mechanism to cancel the 
one derivative terms completely, which indeed give Fab and the derivative of the scalar. 

7.2 The dual graviton in ^4^^^^ in four dimensions 

The non-linear realisation based on the algebra A^^^ , whose Dynkin diagram is shown in 
fig. [5l has the particular feature of only containing in four dimensions the graviton and its 
duals, which are fields with two symmetric indices together with an arbitrary number of 
blocks of two antisymmetric indices, as well as generators with sets of 3 or 4 antisymmetric 
indices. This in particular means that the spectrum does not contain any forms, that is 
fields with completely antisymmetric indices. 

o — o — 

12 3 4 

Figure 5: The Af~^^ Dynkin diagram. 

Decomposing the adjoint representation of Af^'^ in representations of GL{A,W) one 
gets at level zero, which are the generators of G'L(4,R), and i?"'' at level one. The 
generators at higher level can be obtained as multiple commutators of i?"^ subject to the 
Serre relations, and the number of indices of a generator at level / is 21. We will ignore all 
the generators of level higher than 1 in this subsection. The commutation relation between 
K^b and R"'' is 

[K\, R"^] = dlR""^ + dtR"" . (7.22) 
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We now want to introduce the Og generators for both the graviton and the dual gravi- 
ton, in order to reproduce the correct general coordinate transformation for the fields, 
as well as the expected gauge transformation for the dual graviton. As in the previous 
subsection, we have 

[i?"*,pj=0 . (7.23) 

We thus obtain the commutator between the gravity Og 1 operator K"'^^ and R"^'^ by the 
Jacobi identity with Pa. The result is 

[K'^^, R^"] = 5iKl^^^ + 5lKf^^ - 2{6'^Kf^ + 5lkf'^) . (7.24) 

Similarly, imposing the Jacobi identity between P^, K"-h and the Og 1 dual graviton oper- 
ators gives 

[K\,kf'] = 36l''kf'^'' (7.25) 

as expected from the index structure of the operators. 

We would expect that the commutator between the Og 1 gravity operator K°'^c and the 
dual graviton Og 1 operators gave the Og 2 dual graviton operators in fig. [3] if a description 
of both gravity and dual gravity were possible. This turns out to be impossible, i. e. one 
can show that the Jacobi identity between K^-^c, Pa and either Kl'^'^ or K^'"^ is not satisfied 
if the commutator between K"'''c and the dual graviton Og 1 operators gives dual graviton 
Og 2 operators. This is indeed the problem that one typically encounters when trying to 
construct a dual Riemann tensor. 

One can define an operator K'^''^'^ satisfying 

l^ab,cd ^ j^{ab),cd ^ ^ab,{cd) ^ ^cd,ab ^a(bM) ^ g ^ ^7 36) 

whose corresponding Young Tableaux is shown in the last column in fig. [31 We define the 
commutation relation of this operator with Pa to be 

[Kf^^\ P,] = l^^^xf^'"" + '"^^ . (7.27) 

This is indeed the most general result compatible with the symmetries, and one can show 
that the Jacobi identity with a further Pa operator is satisfied. 
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If one adds the term exp(<l>^^_^^i^^^''''^'^) to the group element of eq. fl7.12p . one obtains 
that a transformation 

5^lb,cd = CabM (7.28) 
imphes an transformation for Aab of the form 

= . (7.29) 

This transformation cannot be written as a gauge transformation of eq. (17.81) for the 
hnearised graviton. Following the arguments of the previous subsection, we refer to K^''^'^ 
as an Og operator. The inverse Higgs mechanism allows to gauge away completely all 
the terms at most quadratic in x in the field, with this still being compatible with all the 
symmetries. 

Having introduced the operator K'^^''^'^ , one obtains that the commutator between K"'^c 
and the dual graviton Og 1 operators can now be made compatible with the Jacobi identity 
with Pa- The result is 

[K''^, kf"^] = 35(^^2'^^"' - mi^'kf'"' + 25i''Kf'''' . (7.30) 

The fact that K'^''^'^ must appear on the right hand side of this commutation relation is the 
main result of this section. This shows that the only inverse Higgs mechanism compatible 
with the symmetries is the one that gauges away the dual graviton completely. We expect 
that once all the Og operators for the dual graviton are introduced together with the Og 
operators for both the graviton and the dual graviton, the resulting algebra is well defined. 
We conjecture that the same applies to all the generators of A\^^^ with positive level. As a 
consequence of this, after having applied the inverse Higgs mechanism, the Maurer-Cartan 
form will contain only the graviton Riemann tensor and its derivatives. 

It is interesting to discuss the dimensional reduction to three dimensions in this case as 
we have done in the previous subsection. Following arguments similar to that case, one can 
show that the dimensional reduction of all the generators in fig. [3] contains the Og 1 and Og 
2 generators for the scalar and the vector, and more generally the dimensional reduction 
of all the Og and Og dual graviton generators leads to all the Og and Og generators for 
the dimensionally reduced fields. The algebra of the dimensionally reduced theory can be 
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truncated in such a way that the Og generators for the scalar and the vector that arise 
from the reduction of the dual graviton can be consistently projected out, so that the 
corresponding Maurer-Cartan form results in the field-strengths for this fields, as well as 
their derivatives, once the inverse Higgs mechanism is applied. 

7.3 The dual graviton in Eg^^ in four dimensions 

In this subsection we want to discuss the case in which the dual graviton couples to matter. 
We will discuss the case of the non-linear realisation of E^~^^, i.e. En, in four dimensions, 
which corresponds to the bosonic sector of four-dimensional maximal supergravity. The 
Dynkin diagram of En is shown in fig. [1], and the four dimensional theory is obtained 
deleting node 4 in the diagram. The internal symmetry is E^, and the spectrum contains 
among the rest vectors in the 56 of Ej. We will show that even neglecting couplings to 
gravity, it is impossible to make the gauge transformation of the dual graviton compatible 
with that of the vector. The situation is exactly as in the previous subsection: the commu- 
tator of two Og 1 operators for the vector generate the operator K'^^''^'^, which is an Og 2 
operator for the dual graviton. 

Decomposing the adjoint representation of En in representations of G'L(4,R) one gets 
at level zero the gravity generators K°-b and the E-j generators i?", while at level 1 one 
gets where M denotes the 56 of E-j. The higher level generators can be obtained as 

multiple commutators of R"-'^ . In particular at level 2 one gets 

where i?"'''" is the 2-form generator in the adjoint of E^ and R""^ is the dual graviton 
generator. We have also introduced 

which is symmetric in MN, and -D^f^ generators in the 56. Finally is the 

antisymmetric invariant tensor of Ej. The field associated to the generator i^t'^^l'" is related 
to the scalars by duality. In the rest of this section we will ignore the 2-form contribution 
to the commutator of eq. (17.311) . and we will only consider the dual graviton contribution, 
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This truncation of the algebra is consistent because the Jacobi identities close indepen- 
dently on the 2-form generators and on the dual graviton generators. 

The Og 1 generator for the vector R"-'^^ is a generator K"-^'^^ symmetric in ah, whose 
commutation relation with Pa is 

The commutation relation of K""^'^ with R""'^^ can be obtained by imposing the Jacobi 
identity of these operators with Pa and using eqs. fl7.2p . eq. fl7.33p and eq. (17.341) . as well 
as the fact that i?"'^^ commutes with Pa. The result is 

We can now write the group element up to Og 2 generators, 

g = e-^e*--^""e*-=^f"e*--«^"'"e^-^"e^-'^^^"" , (7.36) 
which leads to the Maurer-Cartan form 

g-'d,g = P, + {d,Aa,M - <^ ,a,M) R""''' + {d.Aab + ^n''''d^Aa,MAb,N 

- ^lab-Kab-^,a,MAb,Nn'''')R''' + ... . (7.37) 

The inverse Higgs mechanism then leaves the field strength for the vector, while the term 
contracting R'^'^ is put to zero by solving for ^j^^ab ^liab terms of Aab and Aa 



^lab leiiiiS Oi ^ab anu ^a,M- 



We now compute the commutator of two Og 1 operators K°'^'^'^ for the vector, and we 
determine which Og 2 generators are needed to satisfy the Jacobi identities. It turns out 
that because of the symmetry of the commutator, it is not possible to generate the Og 2 
dual graviton operator i^g''"^'^, and the Jacobi identity with Pa imposes that this actually 

at 
2 



closes on K^^'^'^ and K^^'^'^. The result is 



Thus exactly as in the case of the dual graviton coupled to gravity of the previous subsection 
we have found here that the commutator of two Og operators generates an Og operator for 
the dual graviton, which means that a gauge invariant field strength for the dual graviton 
is not compatible with vector gauge invariance. 

We claim that this is a generic feature of En positive level generators with spacetime 
indices with mixed symmetry. The algebra of their Og generators does not close, and one 
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is forced to introduce Og generators for all these mixed symmetry generators. Only for 
the gravity generator, which has level zero, and for the generators with completely anti- 
symmetric indices the Og algebra closes. As a consequence only for these fields can one 
use the inverse Higgs mechanism and be left with a non-vanishing field-strength. The fact 
that the positive level mixed symmetry generators require the introduction of the Og and 
Og generators implies instead that the corresponding fields do not allow a gauge invariant 
field strength and the inverse Higgs mechanism gauges away these fields completely. To 
show this one computes Jacobi identities involving positive level En generators, Og gen- 
erators and the momentum operator Pa- Thus this result deeply relies on the structure of 
the Ell algebra. The dimensional reduction allows a further truncation of the algebra in 
the case in which a mixed symmetry generator gives rise to a generator with completely 
antisymmetric indices. Indeed in this case, as was shown in the previous subsections, the 
Og generators can be consistently projected out. 

It is important to stress that the dynamics is compatible with this construction. The 
field strengths of the antisymmetric fields are first order in derivatives, and therefore one 
needs fields and dual fields to construct duality relations which are first order equations 
for these fields. The gravity Riemann tensor instead is at second order in derivatives and 
thus there is no need of a dual field to construct its equation of motion. 

8 Conclusions 

In this paper we have given a method of obtaining field strengths and gauge transformations 
of all the massless and massive maximal supergravity theories starting from En. The global 
Ell transformations of the fields are promoted to gauge transformations by the inclusion 
in the algebra of additional generators. 

We have first shown how this mechanism works for pure gravity. We have constructed 
Einstein's theory of gravity using a non-linear realisation which takes as its underlying 
algebra one that consists of /G'L(D,M) and an infinite set of additional generators whose 
effect is to promote the rigid IGL{D,M.) to be local. This infinite number of additional 
generators lead to local translations, that is general coordinate transformations, but to no 
new fields in the final theory as their Goldstone fields are solved in terms of the graviton 
field using a set of invariant constraints placed on the Cartan forms. This is an example 
of what has been called the inverse Higgs effect [23] . 
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We have then generahsed this procedure to En at low levels. We have taken the 
algebra, called E[\"^'' consisting of non-negative level En generators, the generators Pa and 
an infinite number of additional generators, whose role is to promote all the low level En 
symmetries to gauge symmetries. Again, as in the gravity case these generators do not 
lead to new Goldstone fields. We have shown that the non-hnear reahsation of the algebra 
£jUx:ai describes at low levels in eleven dimensions the 3-form and the 6-form of the eleven 
dimensional supcrgravity theory with all their gauge symmetries. 

We have then considered in general the formulation of D-dimensional maximal gauged 
supergravity theories from the viewpoint of the enlarged algebra E^°^f). We have first 
considered as a toy model the Scherk-Schwarz dimensional reduction of the IIB supergravity 
theory from this viewpoint. One starts from the algebra E^^^f^^ corresponding to the 
IIB theory and take the ten dimensional space-time to arise from an operator Q which 
is constructed from Q = and part of the S'L(2,R) symmetry of the theory. This 
means that the 10th direction of space-time is twisted to contain a part in the SL{2,W) 
coset symmetry of the theory. This non-linear realisation gives a nine dimensional gauged 
supergravity. We have observed that not all of the algebra E^"^^^^ is essential for the 
construction of the gauged supergravity in nine dimensions, but only an algebra which we 
call &n^^ which is the subalgebra of E[°^^^l^ that commutes with Q. Its generators are 
non-trivial combinations of En generators and the additional generators and in general the 
generators of &n^'' have non-trivial commutation relations with nine dimensional space- 
time translations. Although the subalgebra E[i^'' appears to be a deformation of the 
original En algebra and the space-time translations we have not changed the original 
commutators, but rather the new algebra arises due to the presence of the additional 
generators which are added to the En generators. 

However, we have then shown that one can find the algebra E[i^'' without carrying out 
all the above steps. Given the non-trivial relation between the lowest non-trivial positive 
level generator of &n^'' and the nine dimensional space-time translations one can derive the 
rest of the algebra -E'li'^g^ simply using Jacobi identities. This algebra determines uniquely 
all the field strengths of the theory, and thus one finds a very quick way of deriving the 
gauged supergravity theory. 

This picture applies to all gauged supergravity theories, as one can easily find the 
algebra E[\'"^ without using its derivation from E[°^°''' and this provides a very efficient 
method of constructing all gauged supergravities. We have illustrated how this works by 
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constructing the massive IIA theory as well as all the gauged maximal supergravities in 
five dimensions. 

Finally, we have considered how this construction generalises to the fields with mixed 
symmetry, i.e. not completely antisymmetric, of En and in general of any non-linear 
realisation of a very-extended Kac-Moody algebra. We have considered as a prototype 
of such fields the dual graviton in four dimensions. If one tries to promote the global 
shift symmetry of the dual graviton field to a gauge symmetry, one finds that this is not 
compatible with the En algebra. The solution of this problem is that actually En forces 
to include additional generators, whose role is to enlarge the gauge symmetry of the dual 
graviton so that one can gauge away the field completely. This also applies if one only 
restricts his attention to the compatibility of the dual graviton with matter fields, that is 
if one neglects the gravity generators. This result agrees with the field theory analysis of 
[37] . More generally, this agrees with the no-go theorems of [38] on the consistency of self- 
interactions for the dual graviton. Recently, an alternative approach to the construction 
of an action for the dual graviton has been taken [22], in which the metric only appears 
via topological couplings, and an additional shift gauge field is included. 

As we have mentioned in the introduction it is not obvious how to to implement the 
conformal group, or equivalently, add the Og fields in the presence of the generators of 
the / multiplet. The rational for introducing the / multiplet was that it would allow an 
Ell way of encoding space-time. However, in this paper we have chosen to take only 
the first component of the / multiplet, namely the space-time translations and we have 
taken this to commute with the positive level En generators. As a result we have had to 
discard the negative level En generators. This is unsatisfactory as En is defined from its 
Chevalley generators and relations and there is no definition that uses only the positive 
levels. For this reason the content of the adjoint representation and the / multiplet also 
rely on the negative root generators. However, we know that many of the generators, 
and so fields in the non-linear realisation, in the former and brane charges in the latter 
are in very convincing agreement with what one might expect in M theory. One example 
being the classification of all gauged supergravities using the D — 1 forms found in the 
adjoint representation of En. How to reconcile local symmetries, space-time and the full 
En algebra is for future work. 
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